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Recap

SIS model (susceptible / infected)

Hypergraph with hyperedges of order 2 and 3
Rate parameters:

® 7 > (: infection across order 2 hyperedges
® 3 > 0: infection across order 3 hyperedges (S: 1, I: 2)
® v > 0: recovery

Bottom-up model

® (I,)(t) = probability that node j is infected at time ¢.
® we derive ODEs
e Goal: bifurcation diagram, steady states
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N=3 nodes, with hyperedge of order 3, one edge

Bifurcation diagram in (7, B) space
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t=7(1—-2)x+ (1 —z)ry — v,
g =B(1—y)2* —y.
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For steady states, we require

O=z(t(l—2)+ 1 —-2)y—"),
0=B(1—y)a® —y.

We have: trivial/disease-free steady state + endemic steady states

Jacobian at (0,0):
soo=("," %)

Thus: stable: 7 < v, unstable: 7 > ~, transcritical bifurcation at = = v
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For nonzero equilibria, we use a Lagrange-multiplier based method to

compute fold bifurcations (nullclines meet tangentially):

Let v = 1 and consider

F(x,y;6) =0,
VG(x,y; B) = A\VEF(x,y;3).

where G(wvyaﬁ) = ﬁ - 6y and F(%Zhﬁ) = 6(1 - y)l'2 - Y.
This leads to the quartic equation in x (for fixed 3):

p(z) = BPat — 28%2% + (28 + 48%)2% — 28%z +1 = 0.

Since p” > 0, we have at most 2 solutions.
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At a cusp bifurcation, the two fold bifurcations coincide:

p(z) = B2t — 28%% + (2B + 48%)2> — 2820 + 1 =0.
P () = 4% — 6% + (48 +88%)x — 282 =0

Numerical solution yields g* = 2.1306516116.
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N=3 nodes, with hyperedge of order 3, two edges
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i =7(l-2)y+p(1l-2)y -z,
§=27(1—y)z+ (1 —y)z* —y.
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For a steady state, we require

0=7(1—-2)y+ (1l —x)ry — vz,
0=27(1—y)z+ (1 —y)a* —yy.

Jacobian at (0,0):
J(0,0) = (;Z _77)

Thus: stable: 7 < /27, unstable: 7 > /2, transcritical bifurcation at

T =12y
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Both equations are linear in y, so:

yT 27z + fBa?
1—2)(t+pzx) 27z + Bx2+~’

y e
(
We obtain a quadratic equation for 7 in terms of x:
AT* + BT+ C =0,

where A =2(1 —z), B=xz(35(1 —x) — 27v) and
C = B22(1 - z) — (Bya® + 7).

Solving:
—B++VB?—4AC
T+(z) = oA

Since 7_(z) < 0 Vx € (0,1), therefore 7 = 7.
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Using implicit differentiation:

7A’7‘2(x) + B'r(x) + '

(@) = 2A7(x) + B ’

where A’ = -2, B’ = 35(1 — 2z) — 2y and
C' =2B%x(1 — x) — 2% — 2B7a.

Solving

forward type transcritical bifurcation: g < @7, backward type
transcritical bifurcation: g > @fy.
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For fold bifurcations:
A'T*(x) + B'r(z) + C' =0

Multiplying by (1 — z) and adding A72(z) + Br(x) + C = 0, the 72 term

is eliminated and we arrive at
(1—-2)C"+C
(1-z)B'"+ B
_ 2B%x(1 —x)® — 2Byx + fra® — 4P
o 36(1 —x)* =2y '
We solve this for = numerically and substitute back into 7(z).
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Generalization

Goal: similar model with 2 equations for hypergraph of arbitrary size
Structural parameters:
For a node v of type X € {A, B}, let

® dx(i): number of order-two hyperedges containing the node v and
i additional nodes of type X, where i € {0,1}

* rx(i): number of order-three hyperedges containing the node v
and 7 additional nodes of type X, where i € {0, 1,2}

nada(0) =npdp(0), nara(l) =2nprp(0), mnpr(l)=2n474(0)
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(1)fﬂ+dA( Jy] (1 — )
+ Blra2)x +7‘A( )xy—krA(O)yz}(l —x) — vz,
y—T[dB(l)y+dB( )z] (1~ y)
Blre2)y” +re(V)ay +rp(0)2°] (1 —y) — 7y.

x—T[dA
[

If r4(0) = dp(1) =rp(2) =rp(l) =0, then y appears linearly and
techniques used for the 2 edge case can be applied.
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Al usage

| hereby declare that | used Al during my project work for the following:
e brainstorming, testing ideas
e assistance in writing Python codes
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