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1 Introduction

In this section, we define the classical flow problem and its time-expanded gen-
eralizations.

Problem 1 (Classic flow problem)

Let G = (V, E) be a directed graph with source vertex s and sink vertex d. Each
edge e € F is associated with a ¢, > 0 capacity. The goal is to determine flow
values f. for each edge such that the following constraints are satisfied:
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We can now define the time-expanded versions of the classical flow problem.

Problem 2 (Time dependent discrete flow problem)

Let G = (V,E) be a directed graph with source vertex s and sink vertex d,
and an integer time limit 7' > 0. Each edge e € E is associated with a
C.:{0,1,...,T} — R capacity function. The goalisfinda F.: {0,1,...,T} —
R>¢ function for each edge such that the following constraints are satisfied:
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And similarly we can define the continuous version of the problem.

Problem 3 (Time dependent continuous flow problem)
Let G = (V, E) be a directed graph with source vertex s and sink vertex d, and
a time limit 7 > 0. Each edge e € E is associated with a C. : [0,7] — R
capacity function. The goal is find the a F, : [0,7] — R>( integrable function
for each edge such that the following constraints are satisfied:

max( Y /0 Fua(z)de — /0 Fa(2)dx) (7)
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It can be seen that all three problems are described by three formulas. The
first formula determines the value of the objective function, namely how much
more flow enters the vertex d than leaves it. The second constraint gives a
limit on the maximum flow value on a given edge at a given time. The third
formula represents flow conservation in the classical flow problem; this can be
generalized in the other two models such that, up to a given time, the amount
of incoming flow to a vertex is at least as large as the amount of outgoing flow
from the vertex.

In the time-dependent discrete and continuous versions, capacity functions
are used instead of capacities on the edges (which are defined only on integer
values or on the entire interval [0,7]), and accordingly their values may vary
over time. Similarly, the solution F' may also vary over time. Because of this,
instead of the equalities (1) and (3), summation and integration are required to
compute the corresponding quantities.

In the continuous version, we try to find integrable functions F', since oth-
erwise it could not be evaluated.

2 Time dependent discrete problem

In this chapter, we will deal with the time-dependent discrete flow problem.

We define the maximum dynamic flow and the minimum dynamic cut in a
more general model. We examine how the time-dependent discrete flow problem
can be reduced to the classical flow problem (possibly with a significant increase
in the number of vertices), with the help of which we can prove the maximum
flow — minimum cut theorem in the time-dependent case.

2.1 Definitions

Let us consider the general case of the previously defined time-dependent dis-
crete flow, where traversal times, time-varying capacity constraints, and storage



limits are also present.

Problem 4 (General time dependent discrete flow problem)

Let G = (V,E) be a directed graph with source vertex s and sink vertex d,
and an integer time limit 7' > 0. Each edge e € FE is associated with a
Ce:{0,1,...,T} = R>¢ capacity function, and a L.: {0,1,...,T7} — R>¢ time
dependent traversal time. Also for each v € V vertex thereisa C.: {0,1,...,T} —
R storage function. The goal is find a F,.: {0,1,...,T} — R>( function for
each edge such that the following constraints are satisfied:

max ( Z ZFud(x) — Z Zde(x)) (10)
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The meaning of the (12) equation that the stored flow in v vertex and 7
time is at most the storage capacity. The two half of the sum is asymmetrical
because of the traversing times.

Definition 1. Let us denote by F* the value of the time-dependent discrete
flow.

Definition 2. S cut: for each v € V vertex a S, C 0,1,...7T subset, S; =
{0,1,...T}, Sq = 0.

Definition 3. size of the cut S :

cap(§)=) D, C@+ D Y Cuwl@)  (13)
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Definition 4. Minimal cut:

cap(S™) = min cap(S) (14)
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Theorem 1
In the time dependent discrete model F* = cap(S*)

For the proof, we reduce the time-dependent flow problem to the classical
flow problem, for which we already know that the value of the maximum flow
and the size of the minimum cut are equal.

2.2 Time expanded graph

For easier notation, we introduce a uniform storage limit of co at the vertices s
and d.



We will construct the time expanded graph of the, which is denoted by
GTEG. GTEC has |V|- (T + 1) vertices, each vertex is characterized by a pair
(veV,0<7<T).

For each edge uv € E and for each time instant 0 < 7,7 4 Ly, (1) < T, we
add an edge of capacity Cy,(7) between (u,7) and (v, T + Ly (7)).

In addition, for each vertex v € V and for each time 0 < 7 < T, we add an
edge of capacity C,(7) between (v, 7) and (v, 7 + 1).

Theorem 2
The value of the maximum dynamic sd flow on G is equal to the value of the
maximum static (s,0) — (d,T) flow on GTF&,

Proof. If we take a dynamic flow on G, then from this we can construct a static
flow of the same value on GTF% by assigning, for each edge uv and time instant
7, the flow value F,,(7) to the edge between (u, ) and (v, T+ Ly, (7)) in GTFC.

Afterwards, we only need to determine the flow values on the edges between
(v,7) and (v, 7 + 1), which, due to equation (12), will satisfy the classical flow
constraints. The correspondence in the other direction works essentially in the
same way. O

Theorem 3
The value of the minimum dynamic cut on G is equal to the value of the mini-
mum (s,0) — (d,T) cut on GTFC,

Proof. In the classical flow, a cut can be defined by a set S’, where (s,0) € S’
and (d,T) ¢ S'. The size of the cut is the sum of the edges going from S’ to .
In GTEC | there are edges of infinite capacity between (s,7) and (s, 7 + 1), as
well as between (d, 7) and (d, 7+ 1). Because of this, (s,7) € §" and (d,7) ¢ S’
holds for all 0 < 7 < T.

Thus, in the dynamic flow, the cut S and the classical flow cut S’ can be
uniquely mapped to each other, and from the construction of GTF< it follows
that their sizes are also equal. O

From these two statements it follows that the time-dependent discrete flow
problem can also be viewed as a static flow problem. In the classical case, it is
a fundamental theorem that the value of the maximum flow and the minimum
cut are equal, from which Theorem 2.1 immediately follows.

In GTPE a maximum feasible flow can be found using several algorithms
in polynomial time in the number of vertices. The weakness of this approach
appears when |V is small and T is very large, and the functions can be described
with few parameters, since in this case this approach is not polynomial in the
size of the input.

Nevertheless, it is extremely useful; in many cases statements can be re-
duced to this setting, and the known theorems can be transferred to the time-
dependent version.



3 Continuous Flow Problem

In this chapter, we will deal with the continuous model. We examine how the
maximum flow can be approximated, using the method defined in the previous
chapter based on the time expanded graph.

3.1 Real life applications

For the analysis of communication processes such as Starlink or similar systems,
time-dependent flows are highly advantageous.

A given amount of information must be delivered, using drones or satellites,
to a designated location as quickly as possible.

The trajectories of drones are predictable, and two drones can communicate
efficiently only if they are sufficiently close to each other. Since the amount of
information that can be transmitted between two drones varies over time, static
flow is not sufficient, and time-dependent dynamic flows are needed to model
the system. When drones are close enough, we may assume that the information
transfer happens instantaneously.

In addition, each drone can store only a limited amount of information, so
storage constraints can also be introduced; however, in practice this capacity is
orders of magnitude larger than the amount of information to be transmitted,
so in most of this chapter we assume that there are no storage constraints.

3.2 Problem

Let us recall the time-dependent flow problem introduced in the first chapter.

Problem 5 (Time dependent continuous flow problem)
Let G = (V, E) be a directed graph with source vertex s and sink vertex d, and
a time limit 7 > 0. Each edge e € E is associated with a C. : [0,7] — Rx>g
capacity function. The goal is find the a F, : [0,T] — R>( integrable function
for each edge such that the following constraints are satisfied:
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This is the special, simpler case; in the more general case, there is also a
storage capacity C, : R>g — Rxq for the vertices v € V'\ {s,d}.
If we use the:

Fy(r)= > /OTFe(;z:)dx > /OTFe(z)do:
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notation, then instead of, (17) we get the following condition.
0 < Fy(1) < Cy(1) Yo e V\{s,d},YO<7<T (18)

In the simpler case we will ignore C,,(7), so we might assume that for each v € V
and 0 <7 < T Cy(7) = 0.

Definition 5. Let us denote by F* the value of the time-dependent discrete
flow.

We may assume that the graph is simple, since if e; and ez are both edges
between u and v, then instead of these we can introduce a single edge e with
Ce=0Ce, +C,,.

For easier notation later on, we also assume that there are no edges uv and
vu simultaneously in the graph.

Due to practical test cases, we require that for every e € E, the function C,
is integrable, and in particular piecewise continuous. We also require that the
function C, is bounded. If C,. changes its value only at finitely many points,
the solution remains the same (since values at finitely many points do not affect
integration), therefore we may assume that C, is right-continuous, and in the
solutions we also look for flows where the functions F, are right-continuous.

The problem can be formulated in several ways.

In the problem, for a given value T, we search for the maximum flow. In
practice, we typically consider a given value F'* and search for the smallest value
T’ such that the value of the maximum dynamic flow up to time 7" is at least
F*.

If we are satisfied with an arbitrarily precise approximation, then the two
problems can easily be reduced to each other.

We observe that for larger values of T, the value of the maximum flow
is also larger. Based on this, if we plot F'* as a function of T, we obtain a
monotonically increasing function, on which we can approximate the smallest
value T” for which the value of the maximum continuous flow is at least F*
using binary search with arbitrary precision.

A similar reduction works in the other direction as well.

In this work, we consider the version defined in the problem, i.e., T is fixed
and we search for a flow corresponding to it.

3.3 Approximation algorithm

Similarly to the previous section we also try to reduce the continuous flow
problem to the classical flow problem. In detail, we again consider the version
without capacities.

For every n > 1, we define the time expanded graphs Grgg(n) and GTFC (n)
such that the maximum flow in Grpg(n) is a lower bound, and in GTFE(n)
an upper bound on the value of the continuous maximum flow, and in both
Grrg(n) and GTF%(n) the value of the maximum static flow converges to F*.



The idea will be very similar to computing the lower and upper Riemann
sums of a function.

Here, Grpce(n) and GTEY (n) will be constructed with a similar logic as the
time-dependent graph Grpgg defined in the discrete case, but they represent
different objects. Moreover, in the discrete case the maximum flow in the time-
dependent graph gives an exact value, which will not be true in the continuous
case.

In the simpler case of the continuous model, we try to estimate the value
of the maximum flow. Let us choose a value n > 1, and for this construct the
graphs Grpc(n) and GTEC(n). Let 7= L.

In both Grgeg(n) and GTFC(n), there are |V| - (n + 1) vertices, and each
vertex corresponds to a pair (v,4) with v € V and 0 < i < n.

For every pair (v,4) with ¢ < n, we add an edge of infinite capacity from
(v,i) to (v,i 4+ 1). This corresponds to infinite storage capacity at the given
vertex.

In addition, for each edge e = uv and each time instant 0 < ¢ < n, we define

(i+1)-7
Ke(i) - / Ce($) dx

i

That is, on a given edge, this represents the maximum amount of flow that can
pass during the interval between the two selected time points.

For every e € F and 0 < i < n, in Grrg(n) we add an edge from (u,1)
to (v,i+ 1), while in GTP%(n) we add an edge from (u,4) to (v,i), each with
capacity K. (4).

Let G1(n) denote the value of the maximum static (s,0) — (d,n) flow in
Grrc(n), and Ga(n) the corresponding value in GTF%(n), while for the time-
dependent flow we continue to use F™.



Let us consider a simple example for the continuous problem, for the maxi-
mum flow, and for Grrg(n) and GTPC(n).

Coa(T) = {(L 0<7<2
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(b) The time depending capacity of the
(a) The edges of the graph, T = 2 edges
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In the optimal solution: Fy,(7) = Fuq(7) = 6, 0=7<
3, 1<7<L2
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(a) Grec(3), edges without a number (b) GTFC(3) edges without a number
have oo capacity have co capacity similarly

For N = 3 we can observe that G1(3) =6 < F* =9 < G5(3) =10



Theorem 4

n—oo

Gi(n) —— F*
Ga(n) === F*

The proof is quite technical; the first two inequalities are obvious after con-
structing and understanding the graphs, while the two convergences are not
trivial, but it is worth computing them in order to easily determine the accu-
racy of the estimate for a given n.

Proof. e Gi(n) < F*

First we construct the graph Grpg(n) and compute the maximum flow
on it. For each uv edge and 0 < 7 < n moment, let f.(7) the flow on
the edge from (u,7) to (v,7 4+ 1). We can choose the functions F, on the
graph G such that

(i+1)-1
/ Fu(e)dz = £.()
holds for every edge e and every time instant 0 < i < n.

It is easy to see that with such a choice, the functions F, provide a feasible
solution, and the total flow coincides with G1(n).

e Go(n) > F*
Let us take the optimal solution for the time-dependent graph G. Then,

after constructing GTF%(n), for every edge uv € E and every time instant
0 < i < n, we assign the flow value on the edge between (u, %) and (v,i+1)

as
(i+1)-1
/ F.(z)dx.
K]

LT
In addition, for every pair v € V and 0 < ¢ < n, we also need to determine

the flow value on the edges between (v,4) and (v, i+ 1) in GTFY(n), which
is always the excess generated at vertex v at time i.

In this way, we obtain a feasible solution, where the value of the flow is
F* thus the statement is proved.

n—oo

L] G1 (TL) — F*
Before the proof, let us consider two lemmas:

Lemma 1
In a graph G, the value of the maximum sd static flow can increase by at
most x after adding an edge with capacity x.

Proof. The value of the maximum flow is equal to the minimum cut, and
if we extend the original cut with the added edge, we obtain a cut in the
new graph whose value has increased only by z. O



Lemma 2

In a directed graph G = (V, E), where each edge has an associated value
ce, and for fixed source and sink vertices s and d, if we assign to each
e € E avalue 0 < f. < ¢, then the value of the maximum flow in G is at
least:

Z Jud — Z fav — Z maX(07 Z Jow — Z fuv) (19)
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That is, compared to the usual formula, we also subtract from each internal
vertex the deficit (i.e., by how much the sum of outgoing edges exceeds
the sum of incoming edges), if it is positive.

Proof. If none of the vertices are deficient, then we can reduce the edge
values so that in every internal vertex the sum becomes exactly 0, without
decreasing the sum of edges entering d. In this case, the last term in
equation (2) becomes 0 for all v € V, and we obtain the well-known
formula of the classical flow problem.

In the case of deficient vertices, we apply the previous lemma multiple
times by adding a corresponding edge of capacity to each deficient vertex
v, and if we use this edge, then the total deficit decreases by the capacity
of the edge. Repeating this step, we reach a state where there are no
deficient vertices, for which the statement holds. O

Let us consider the maximum dynamic flow in G. In Grgg(n), for an
edge e = uwv and a value i, we denote the capacity of the edge between
(u,7) and (v,i+ 1) by Z(i), where

(i+1)-1
Z(7) ::/ F.(x)dz.

LT

In the graph Grgc(n), we denote the flow value on the edges between
(v,i) and (v,i+1) by Z,(i). We choose it such that we compute the sum
of incoming edges into (v, ) and subtract the sum of outgoing edges from
(v,1); let the difference be denoted by X. Then Z, (i) = max(X, 0) will be
the value of the edge. Here, for ¢ > 0, the incoming edges already include
the value Z,(i — 1) as well.

Let us compute what lower bound can be given for G1(n) using the lemmas
after choosing the Z values.

The sum of edges entering the vertex (d,n) is again F™* (i.e., this is the
value to which it must converge).
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For every vertex v € V, we compute the sum of deficits in Grrg(n) over
the vertices (v,0), (v,1),...,(v,n). Let us focus on a fixed vertex v, and
denote by in(i) and out(i) the sum of capacities of edges entering and
leaving the vertex up to time 4, respectively (i.e., we do not include the
edges between (v, j) and (v,j + 1)).

i) =3 Y Z.())

j=0 uwvekE

out(i) =Y > Zu(j)

j=0vu€eE

We note that we are not summing over the same ranges, since in Grrg(n)
the edges connect different layers.

Let h(¢) denote the deficit at the vertex (v,4), and let H (i) denote the sum
of the values h(i) from the Oth vertex up to the ith vertex. For simplicity,
let h(—1) = 0.

H; =max(H(i — 1), out(i) — in(i))

Since h(i) cannot be negative, we have H(i) > H(i — 1), and also H (i) >
out(i) — in(i), since the total capacity of outgoing edges is at least this
much (not including the edge between (v, i) and (v, i+1), which, if positive,
would only increase the deficit). However, it can also be seen that H (i)
cannot be larger than both.

Based on this,

H = t(2) —in(e
(n) = jmax (out(i) — in(i))

We also know that in(i+1) > out(i), since in the continuous flow problem
this follows from equation (18).

Using this, we obtain

(i41)-1
< o (i) <
H(n) < Oréliagcn(m(z +1)—in(i)) < XG:E (ax /” Fup(z) dx

In the first inequality, we upper-bounded out(:) by in(i + 1), and in the
second one we upper-bounded in(i + 1) — in(i) by considering, for each
edge entering v, on which subinterval of length 7 the integral was maximal.

If we compute this for every internal vertex v, then we obtain the sum of
the deficits.

We can further upper-bound this by summing these maxima over all edges,
and using the condition F,,(z) < Cy,(z), we instead compute using the
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C values. This is important, since in this way the value can be determined
without knowing the flow itself.

Putting these together:

(i41)-1
F*—Fi(n) < Z max / Ce(x)dx (20)

0<i<n /..
E

We assumed that the functions C, are bounded; let P = max C.(z). From
this it follows that
F*—F(n)<|E|-P-1 (21)

From this, convergence follows immediately, and we can easily choose a
suitable value of n for a desired error bound.

n—roo

o Ih(n) —— F*

n—oo n—00

Instead, let us prove that Fy(n) ——= Fj(n) ——.

The proof is very similar to the previous one. For an arbitrary n, we con-
struct the graphs Grpg(n) and GTF%(n), solve the static flow problem on
GTEG (n), write these capacities onto the edges of Grpg(n), and compute
the sum of the missing capacities at the vertices.

The computation is essentially the same, and the same result is obtained.

Fy(n)—Fi(n)<|E|-P-T (22)

From this, the statement to be proven follows.
Summing up: Fy(n) < F* < Fy(n) and Fy(n) — Fi(n) < |E|- P- L, where

P =max C,(7). O

This is useful, since for any € > 0, for n = ‘E"# we have Fy(n)—Fi(n) <e.
Based on this, if we have a subroutine for computing fOT ce(x) dx, we can give
an algorithm with arbitrary precision by reducing the problem to the classical
flow problem.

12
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