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Classic Flow Problem

Let G = (V, E) be a directed graph with source vertex s and
sink vertex d. Each edge e € E is associated with a ¢ > 0
capacity. The goal is to determine flow values f, for each edge
such that the following constraints are satisfied:

max(»  fua — Y fu) (1)

udeE dveE
0<f.<c. VecE (2)
d fw= ) fw=0 VveV\(sud) (3)
uveE vweE

Main goal: generalize the classic flow problem for time
expanded version
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Time dependent discrete flow

e T >0 time limit is given

@ Each edge e € E is associated with a
Ce: {0,1,..., T} — R>¢ capacity function.

max( Z Fod Z Z Fav(x)) (4)

dveE x=0
0§F(7’)§ (7) Veec E,7:{0,1... T} (5)

T . Vv e V\{s d
ZZ::FWV(X)—Z Fru(x) 2 0 {VTE{O,\].{,...,}T}
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Time expanded graph

Goal: reduce the discrete flow problem to the classic case We
will construct a graph Greg

@ Each node is represented by a (v € V,0< 7 < T)

o (v,7) — (v,7 + 1) edge, with co capacity

e (u,7) — (v, 7) edge, with C,,(7) capacity
Maximal time dependent flow in G is the same as maximal
discrete flow in Greg
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@ We can prove the Minimum Cut Maximum Flow theorem
in the time dependent version

@ Also works in more general cases
@ Polinomial algorithm, if T is small
@ Not useful if T >> |V/|, and the functions are simple
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Continuous Flow problem

Each edge e € E is associated with a C.[0, T] — R capacity

function.
T T
ma(Y [ Fubd- Y [ Faad) ()
udeE V0 dveE V0

0<F(r) < C(r) VeeEO<7T<T (8)
T T Vv e V\ {s,d}

V;;E/o Fuv(x)dx — ‘%:E/o Fou(x)dx >0 {VO <r<T
(9)
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The time dependent capacity of the edges

In the optimal solution:

6, 0<7<«1
3, 1<7<2
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Figure: G TEC(3) edges without a number have oo capacity similarly

The max flow in G B¢ converges to the dynamic max flow.
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Thank you for your attention!
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