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Chapter 1

Introduction

Following the results of the previous term, the goal of this work is to highlight the main steps in Bernard Dwork’s
proof of the rationality of the zeta-functions of affine hypersurfaces over finite fields.

Definition 1.0.1. Let X be a non-singular affine hypersurface defined by the polynomial f in n variables with
coefficients in Fq. Define

Hf (k) = {(x1, ..., xn) ∈ kn : f(x1, ..., xn) = 0},

for a finite field k, and let Ns be the number of points in Hf (Fqs). With these notations the zeta-function of X is:

ζ(X/Fq, t) = exp
( ∞∑

s=1
Ns

ts

s

)
.

The zeta function of projective hypersurfaces can be defined in a similar fashion using as Ns the number of points
lying on the projective hypersurface over Fqs .

Theorem 1.0.2 (Dwork). The zeta-function of any affine (or projective) hypersurface is a rational function.

What interests us is the affine case, because using the decomposition of the projective space into disjoint affine
spaces (with decreasing dimension), it is easy to see that the case of projective hypersurfaces follows from the case
of affine ones. It is also true that the rationality of the zeta function of affine varieties defined in a similar fashion
easily follows from this case.
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Chapter 2

The rationality of the zeta-function

2.1 Characters and their lifting
We will work with multiplicative Cp valued Fq → C×

p characters, where on Fp we take the additive and on C×
p the

multiplicative group structure.

Definition 2.1.1. The trace of an element a ∈ Fq for q = ps is the trace of the linear map over Fp defined by the
multiplication by a. Equivalently this means:

Tr a =
∑

σ∈Gal(Fq/Fp)

σ(a) = a + ap + ... + aps−1
.

From the definition it follows that (Tr a)p = Tr a, i.e., Tr a ∈ Fp, and Tr (a + b) = Tr a + Tr b. Now let ε ∈ Cp

be a pth root of unity, then the map
a 7→ εTr a

is a multiplicative Cp valued character.
Similarly to the trace of an element of the field extension [Fq : Fp] we define the trace of an element of the field

extension [Qq : Qp] (denote this as TrQq
) via the trace of a linear map. It can be easily seen that for the Teichmüller

representative t ∈ Qq of an arbitrary a ∈ F×
q :

TrQq
t = t + tp + ... + tps−1

∈ Zp,

and the mod p reduction of TrQq
t is Tr a. Hence εTr a = εTrQq t, since the power of ε depends only on the congruence

class mod p.
Now to express this character as a power series, the naive thing to do would be:

εx+xp+...+xps−1

= Bx,p(ε − 1)Bxp,p(ε − 1)...Bxps−1 ,p(ε − 1),

where Ba,p(x) is the (p-adic) binomial expansion, but the binomial expansion does not converge on the whole closed
unit disk, and this causes problems in the Teichmüller representatives, which are unit roots.

To avoid this issue, define the following infinite product:

F (x, y) = (1 + y)x(1 + yp)(xp−x)/p(1 + yp2
)(xp2

−xp)/p2
...(1 + ypn

)(xpn
−xpn−1

)/pn

...,

for fixed y this can be expressed as a power series in x that is convergent in the closed unit disk (F is constructed
in a way to eliminate the coeffiecients that caused the problem in the binomial expansion due to de p-adic norm).

Let

Θ(x) = F (x, ε − 1) =
∞∑

n=1
anxn.

Now it is easy to see that
εTr a = εTrQq t = Θ(t)Θ(tp)...Θ(tps−1

).
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2.2 The trace formula
Let R denote the set of formal power series over Cp in n variables, and U the set of ordered n-tuples of nonnegative
integers.

Define the following two (Cp-)linear transformations on R:

LG(r) = Gr, where G ∈ R,

r =
∑
u∈U

auxu 7→ Tq(r) =
∑
u∈U

aquxu, where q ∈ Z+.

Then let Ψq,G = Tq ◦ LG. For a monomial xu, and G =
∑

w∈U gwxw:

Ψq,G(xu) =
∑

v,qv−u∈U

gqv−uxv.

Denote the power series G(xq) as Gq(x), then the following relation holds:

LG ◦ Tq = Tq ◦ LGq
.

Let

R0 =
{

G =
∑
w∈U

gwxw ∈ R : ∃M > 0, ordpgw ≥ M |w| ∀w ∈ U

}
.

Definition 2.2.1. For an infinite matrix A define the trace of A as the sum of its diagonal elements provided that
this sum converges, similarly to the finite case.

The following lemma provides the core of Dwork’s proof.

Lemma 2.2.2. Let G ∈ R0. Then Tr (Ψs
q,G) converges for s ∈ Z+, and

(qs − 1)nTr (Ψs
q,G) =

∑
x∈Cn

p x

xqs−1=1

G(x)G(xq)...G(xqs−1).

We can also extend the notion of det(1−At), where t is an indeterminate, to infinite A matrices in the following
way:

det(1 − At) =
∞∑

m=0
bmtm,

where
bm = (−1)m

∑
u1<...<um∈Z+

σ∈Sm

sgn(σ)au1,uσ(1) ...aum,uσ(m) .

Naturally, the convergence of each bm has to be checked in this case. From now on A = {gqv−u}u,v∈U , the matrix of
the transformation Ψq,G, and G ∈ R0. Due to the restriction o n G one can easily prove that the terms bm converge
and

lim
m→∞

1
m

ordpbm = ∞.

This shows that det(1 − At) =
∑∞

m=0 bmtm not only exists, but converges everywhere on Cp.
The missing part of the following lemma follows from basic linear algebraic results for finite matrices, and can

be proven for infinite matrices by taking the limit of finite ones.

Lemma 2.2.3. If G(x) =
∑

w∈U gwxw0 ∈ R0 and Ψ = Tq ◦ LG, so that Ψ has a matrix A = {gqv−u}u,v∈U , then
the series det(1 − At) is a well-defined power series over Cp with infnite radius of convergence, and

det(1 − At) = expp

(
−

∞∑
s=1

Tr (As)ts/s

)
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2.3 The analytic expression of the zeta function
Lemma 2.3.1. The zeta function of a hypersurface X defined by f ∈ Fq[x1, ..., xn] is a quotient of two entire power
series over Cp.

This is proved by induction on n. The first step is to note that it is enough to prove this for ζ ′(X/Fq, t) =
exp (

∑∞
s=1 N ′

sts), where N ′
s is the number of points satisfying f over Fs

q with no zero coordinates. The reason for
this is that the quotient ζ(X/Fq, t)/ζ ′(X/Fq, t) is the zeta function of X ∩ (

⋃n
i=1 Hi) where Hi = {(x1, ..., xn) :

xi = 0}, which can be expressed by the alternating product of the zeta functions of affine hypersurfaces of the
k-ary intersections of these hyperplanes in an inclusion-exclusion principle like way. By the inductive assumption,
all these are the quotient of entire power series.

Fix s ∈ Z+, and q = pr. Due to the properties of characters:∑
x0∈F×

qs

εTr (x0u) =
{

−1, if u ∈ F×
qs

qs − 1, if u = 0.

This gives us for u = f(x1, ..., xn): ∑
x0,...,xn∈F×

qs

εTr (x0f(x1,...,xn)) = qsN ′
s − (qs − 1)n.

In x0f replace the coefficients with their Teichmüller representatives, then we get F (x0, ...., xn) =
∑N

i=1[ai]xwi ∈
Cp[x0, ..., xn], where [ai] denotes the Teichmüller lift of ai ∈ Fqs . The monomial [a]xw evaluated in some Teichmüller
representative of elements in Fqs is exactly the Teichmüller representative of the same elements evaluated in axw.
This gives:

qsN ′
s = (qs − 1)n +

∑
x0,...,xn∈F×

qs

εTr (x0f(x1,...,xn)) = (qs − 1)n +
∑

x0,...,xn∈F×
qs

N∏
i=1

εTr (aixwi ) =

= (qs−1)n+
∑

x0,...,xn∈Cp

xqs−1
0 =...=xqs−1

n =1

N∏
i=1

εTr ([ai]xwi ) = (qs−1)n+
∑

x0,...,xn∈Cp

xqs−1
0 =...=xqs−1

n =1

N∏
i=1

Θ([ai]xwi)Θ([ai]pxpwi)...Θ([ai]p
rs−1

xprs−1wi).

Let

G(x0, ..., xn) =
N∏

i=1
Θ([ai]xwi)Θ([ai]pxpwi)...Θ([ai]p

r−1
xpr−1wi),

so that
qsN ′

s = (qs − 1)n
∑

x0,...,xn∈Cp

xqs−1
0 =...=xqs−1

n =1

G(x)...G(xqs−1
).

Since G is a finite product of elements in R0 it is also in R0 hence by Lemma 2.2.2

qsN ′
s = (qs − 1)n + (qs − 1)n+1Tr (Ψs

q,G).

Substituting the binomial expansion and the result of Lemma 2.2.3 we get

ζ ′(X/Fq, t) =
n∏

i=1
(1 − qn−i−1t)−1i+1(n

i)
n+1∏
i=0

det(1 − Aqn−it)−1i+1(n+1
i ),

where A is the matrix of Ψq,G. By Lemma 2.2.3, each term is an entire function.
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2.4 Final steps
Dwork finishes the proof using a linear algebraic lemma.

Lemma 2.4.1. Let F (t) =
∑∞

n=0 antn ∈ K[[t]] for any field K. Let s, m ≥ 0, As,m = {as+i+j}0≤i,j≤m and
Ns,m = det As,m. Then F (t) is a rational function if and only if there exist m, S ≥ 0 that for all s ≥ S Ns,m = 0.

The remainder of the proof is rather technical, but the core idea is to write F (t) = P (t)ζ(X/Fq, t), where P is
a polynomial and F is convergent on a large enough disk. This can be done by the p-adic Weierstrass Preparation
Theorem, and due to the convergence, the p-adic norm of the coefficients of F has an upper estimate.

Now the coefficients of F are a linear combination of the coefficients of ζ (P is a polynomial), allowing us to
replace the last columns in the matrix corresponding to the one in Lemma 2.4.1, and knowing that the coefficients
of ζ are integers, we can give an upper estimate of the p-adic norm of the determinant.

There is a crude upper estimate of the Euclidean norm of the coefficients of the ζ function, using that Ns ≤ qns

where n is the number of variables of the function defining X. This gives an upper estimate of the Euclidean norm
of the determinant using the original matrix.

By choosing the right parameters one can assure, that the product of the two norms of the determinant converges
to zero as s goes to ∞, and given that the determinant is an integer, this suggests that it must vanish for sufficiently
large s. This finishes the proof of the theorem.
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