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Traditional models for epidemics on networks assume a graph structure of the network, where nodes
represent individuals and disease spreads across edges between connected individuals. Each of the N
nodes is assigned one of m distinct statuses, such as, in the case of SIS dynamics (m = 2), susceptible
(S) or infected and infectious (I). The standard assumption that infections between infected and sus-
ceptible individuals as well as recovery of infected individuals occur according to independent Poisson
processes leads to the description of the model as a continuous time Markov chain on a state space of size
mN , containing all possible system states given by the status of every node in the graph. Such a model
offers meaningful insight into the evolution of epidemics on networks, yet it accounts only for pairwise
interactions. However, many contagion processes, biological or otherwise, are further influenced by group
interactions. A relatively new research area stems from generalizing the model described above by consid-
ering a hypergraph structure of the network, in an attempt to account for this added complexity. For the
purpose of this project, I consider SIS epidemics on hypergraphs. In this report, I summarize essential
aspects of the model for hypergraphs and introduce techniques for arriving at approximate differential
equations, based on which a qualitative analysis can be conducted. This report is based on an unpub-
lished draft of the second edition of [2]. Certain concepts discussed here also appear in the published first
edition [1] for the case of graphs.

We begin with an overview of a general hyper-
graph structure. A hypergraph is a pair (V,H ),
where V = {1, 2, . . . , N} is the set of nodes and
H is a set of H ⊂ V hyperedges. The order of
a hyperedge H ∈ H is simply |H|, the number
of nodes within. The ℓ-uniform subhypergraph
H (ℓ) = {H ∈ H : |H| = ℓ} contains the hyper-
edges of order ℓ, and H

(ℓ)
i = {H ∈ H (ℓ) : i ∈ H}

denotes the set of hyperedges of order ℓ containing
node i ∈ V . If H ∈ H implies H ′ ∈ H for all
subsets H ′ ⊂ H, then we say that the hyperedge is
a simplicial complex.

We now turn to the description of the dynamics
considered. Given a state of the Markov chain, we
wish to determine the rate of transitioning to an-
other state. Because the probability of two events,
be that infection or recovery of a node, occuring at

the same time is zero, the chain transitions with
positive rate only to states that differ in the status
of exactly one node. The rate of transitioning to a
state where node i ∈ V is newly infected, otherwise
refered to as the infection pressure felt by node i, is
given by

N∑
n=2

∑
Hj∈H

(n)
i

r(n,mj),

where mj is the number of infected nodes in hy-
peredge Hj and r(n,mj) denotes the rate of infec-
tion across a hyperedge of order n with mj infected
nodes. For simplicity, we assume that

r(2, 1) = τ and r(3, 2) = β

for τ, β > 0 parameters and r(n,m) = 0 otherwise.
As recovery is independent of the network, the rate
of transitioning to a state where a node is newly
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recovered is given by a single constant recovery rate
γ > 0.

The above dynamics determine the generator
of the continuous time Markov chain. Thus, one
can analyze the evolution of the epidemic through
the Kolmogorov forward equations, also called the
master equations. This approach is called the top-
down model. The solution of the master equations
given a specific initial condition determines the
probability of being in each state at any given time.
However, this method is often unmanageable in
practice, since the size of the system grows expo-
nentially with the number of nodes in the network.

An alternative approach, called the bottom-up
model, is to derive differential equations for the
probability of a given state having a given sta-
tus. Let ⟨Ii⟩(t) and ⟨Si⟩(t) denote, respectively,
the probabilities that node i is infected and sus-
ceptible at time t. Similar variables are introduced

for the joint probability of multiple nodes having
certain statuses at time t. For example, for two
and three nodes these are denoted by ⟨AiBj⟩(t)
and ⟨AiBjCk⟩(t), where i, j, k ∈ V and A,B,C ∈
{S, I}. Differential equations for the singles Ii and
Si depend on the variables for pairs and triples,
depending on the hypergraph itself. For example,
consider a complete hypergraph on N = 3 nodes.
Then we have for instance that

˙⟨I1⟩ = τ(⟨S1I2⟩+ ⟨S1I3⟩) + β⟨S1I2I3⟩ − γ⟨S1⟩.

It is apparent, that in order to arrive at a closed
set of equations, we need equations for all pairs and
triples as well. This becomes intractable for larger
networks, which is why often closures are applied.
The simplest closure is to assume independence
conditions ⟨AiBj⟩ = ⟨Ai⟩⟨Bj⟩ and ⟨AiBjCk⟩ =
⟨Ai⟩⟨Bj⟩⟨Ck⟩ for the joint probabilites for pairs and
triples. Then, using ⟨Si⟩ = 1−⟨Ii⟩, the system sim-
plifies greatly to the following three equations:

˙⟨I1⟩ = τ(1− ⟨I1⟩)(⟨I2⟩+ ⟨I3⟩) + β(1− ⟨I1⟩)⟨I2⟩⟨I3⟩ − γ⟨I1⟩,
˙⟨I2⟩ = τ(1− ⟨I2⟩)(⟨I1⟩+ ⟨I3⟩) + β(1− ⟨I2⟩)⟨I1⟩⟨I3⟩ − γ⟨I2⟩,
˙⟨I3⟩ = τ(1− ⟨I3⟩)(⟨I1⟩+ ⟨I2⟩) + β(1− ⟨I3⟩)⟨I1⟩⟨I2⟩ − γ⟨I3⟩.

By assuming ⟨I1⟩(t) = ⟨I2⟩(t) = ⟨I3⟩(t) = x(t)
for all t, the system can be reduced to

ẋ = 2τ(1− x)x+ β(1− x)x2 − γx.

In case the required equality of initial conditions
is not met, the solution to the reduced system can
be considered to be an approximation of the orig-
inal variables. Aggregating multiple nodes to de-
scribe them using just one variable is a method

called lumping, and it can be carried out when cer-
tain symmetries of the hypergraph are present. If
our hypergraph on three nodes contained only two
edges, say {1, 2} and {2, 3}, we would have arrived
at the two-dimensional system

ẋ = τ(1− x)y + β(1− x)xy − γx,

ẏ = 2τ(1− y)x+ β(1− y)x2 − γy.

Systems such as the ones shown above allow for extensive qualitative analysis and often exhibit rich
bifurcation landscapes. In this semester, I examined the bottom-up systems closed at the level of singles
for all four possible hypergraphs on N = 3 nodes with the hyperedge of order three being present. For
the case of two and three edges in the hypergraph, I showed that bistability between the disease-free
steady state and an endemic steady state can occur. For the case of a single edge, using a Lagrange-
multiplier method described in [3], I numerically determined two fold bifurcation curves and located a
cusp bifurcation in the system, thereby showing that bistability can occur even between two endemic
steady states. Going forward with the project, I aim to define scalable hypergraphs that reduce to an
analytically tractable system and to describe the associated bifurcation diagram.
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