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I. INTRODUCTION

An important problem in machine learning and related fields
is the estimation of a probability distribution given an 1i.i.d.
sample from this distribution. For parameterised distribution
families there are many well studied methods for creating an
estimate for the original parameter, in both classical statistics
[1] and in machine learning [2], or in recent years, with the
increase in computational capacity and interest in deep neural
networks, large language models and diffusion models (for
text and image generation) have gained a lot of popularity
[3][4]. There are also non-parametric estimation methods, such
as kernel density estimation [5]]. However, these methods only
provide point estimates for the distribution, which differs based
on the chosen model. This phenomena (called the Rashomon
effect [6]) has led to the argument recently that it might
not be sufficient to study single models and their behaviours
for high-stakes decisions, for example in medicine or finance
[7](8]. Therefore one of our goals will be to establish a
framework for having a set of equivalently suitable estimations
for distributions.

Another problem that might arise when using classical
models is that they require an explicitly computable function
of the parameter to see how well it fits the sample. This can be
problematic if there is no oversight over the parametrisation
and sample generation, or if the likelihood function cannot
be calculated explicitly. Therefore, our second goal will be to
make these estimations distribution-free. This means that the
estimator does not depend on some previous knowledge about
the underlying distribution, or even the process that generates
the sample based on a given parameter. This approach can
useful when we have a black box model that we would like
to fine-tune.

In order to achieve these goals, the resampling and ranking
based framework [9] will be used, which has already been
successfully utilized to create confidence regions with an
exact (even for finite sample sizes), user-chosen coverage
(probability of the type I error) for the parameters of regres-
sion functions of binary classification problems [10]. Other
resampling-based methods have been successfully used for
non-asymptotic confidence regions for kernelized regression
models [[L1].

II. KERNEL MEAN EMBEDDINGS
A. Reproducing Kernel Hilbert Spaces

For the sake of completeness, we begin our discussion with
a brief introduction on Reproducing Kernel Hilbert Spaces and
Kernel Mean Embeddings.

Definition I1.1. [I2| Definition 1.1] Let X be an arbitrary
set, H a Hilbert space of X — R functions and denote the

evaluation functional with E, : H—R (i.e. E5(f) = f(x)).
‘H is called a Reproducing Kernel Hilbert Space (RKHS), if
all of its evaluation functionals are bounded, i.e. there exists
a Cy > 0 for all E, such that |E.(f)| < Cy||f|n-

From the Riesz representation theorem it follows that for
all x € X there exists a k, € H such that f(z) = (f, ks)y
for all f € H.

Definition IL.2. [I2] Definition 1.2] The reproducing kernel
of RKHS H over X is the function k : X x X =R defined as

k(w, y) = <ky7 km)'H'

This means that for every = € X, there is a k, € H that
represents it in the feature space H and we can compare them
using k(-,-) without explicitly having to calculate this map.

Remark. From the statements above it follows that k, =
k(- x), ie. f(x) = (f,k(-,x)), forall f € H and z € X.
We call this the reproducing property.

Now we can see that how having an RKHS # leads to being
able to perform operations on the embedded elements of X
using the kernel function k. However, the question of how to
find a suitable RKHS H and the corresponding kernel k still
remains. Luckily, the Moore-Aronszajn Theorem shows that if
the kernel function k is positive definite, then there uniquely
exists a corresponding RKHS.

Definition I1.3. [/2| Chapter 2.2] We say that a symmetric
function k : X x X — R is positive definite, if for any finite
{1, ..., xn} C X and {a;}}_; C R it holds that

Z Z aiajk(xi, Zj) Z 0
i=1j=1
Theorem I1.4 (Moore-Aronszajn). [[/2| Theorem 2.14]
If a symmetric function k : X x X —R is positive definite,
then there uniquely exists a corresponding RKHS H.

(IL1)

B. Kernel Mean Embedding and MMD
Now that Reproducing Kernel Hilbert Spaces are defined,

let’s have a look at how to embed not only single elements of
X into them, but whole probability distributions over X'.

Definition IL5. /13| Definition 3.1] The kernel mean embed-
ding of a probability measure P over X into an RKHS H with
reproducing kernel k is defined as

e = [ k) dP(a)

Here the integral is to be interpreted as a Bochner-integral,
as defined in [13, Chapter 3.1] in a similar manner to the
Lebesgue integral.

(IL.2)



The following lemma gives us a sufficient condition for the
mean embedding up to be an element of the RKHS H.

Lemma IL6. [I3] Lemma 3.1] If Exp[\/k(X,X)] < o0
then pp € H and Exp[f(X)] = (f, up)4, for all f € H.

This means that we can compare distributions to each other
as if they were elements of a Hilbert space, and so the
Maximum Mean Discrepancy and its unbiased estimator can
be defined as follows:

Definition IL.7. [lI3| equation 3.29] The Maximum Mean
Discrepancy (MMD) of two distributions, P and Q is defined
as the distance of their mean embeddings in the RKHS:

- o)

MMDy[P,Q] = sup {/f ) dP(x
[If11<1

= sup {(f,up — Hq)}5
lIfll<1

= |lpp — polln
(IL3)
Using X, X’ ~ P and Y,Y’ ~ Q independent random

variables and the reproducing property, we get:
MMD3, [P, Q] = E[k(X, X")] + E[k(Y,Y")] — 2E[k(X,Y)]
(IL.4)
The MMD can be estimated with an unbiased estimator

using samples X, Y from the distributions P, Q with sizes n
and m respectively [13| equation 3.32]:

nn=1) ZZk (23, 25)

’Lljl

,1 sz y“yj

11]1

MMD,[X, Y] =

(IL5)

m n

There is another useful definition to be mentioned here. If an
RKHS is rich enough to represent all probability distributions
uniquely, we call its reproducing kernel characteristic:

Definition IL.8. [lI3| Definition 3.2] A kernel function k is
a characteristic kernel, if the corresponding kernel mean
embedding captures all information about the underlying
distributions:

e — pollf =0 P=Q (IL6)

i.e. the MMD of two embedded distributions is 0 if and only

if they are the same distribution.

Remark. It has been shown that the Gaussian and Laplacian
kernels are characteristic on R?. [14] Theorem 2]

III. THE ESTIMATION FRAMEWORK
A. Resampling and Ranking

The Resampling and Ranking Framework is similar to the
one used in classical statistics, in the sense that a statistical
field is examined. Let X be a standard Borel space equiped
with its Borel o-algebra A, and let P = {Py € O} be a

class of probability distributions over X (i.e. (X, A,Pp) is
a probability space for every § € ©). We assume that there
is a distribution Py~ € P, from which we receive a sample
SO ex.

A slight distinction between the two frameworks is that we
assume that only one sample is available from the distribution,
instead of the usual i.i.d. sample of size n assumption. Note
that the latter is a special case of the former, since in our
case S(© can be thought of as the vector of the n i.i.d.
samples from Py-. However, for most of our purposes, the
i.i.d. assumption doesn’t need to hold. (For example most of
the methods discussed could be applied to time series as well)

The other, and most important assumption is that we have
access to a black box G, that can generate an alternative
sample for any given parameter, and its seed can be fixed.
More formally, there exists a standard Borel space Q with
probability distribution ) and function G : © x Q — X that
is Borel-measurable for every 6 € © such that G(&,0) ~ Py
for every 0 € ©.

Without loss of generality, it can be assumed that Q = [0, 1]
and () is the uniform distribution over Q. [15, Theorem A1.6]

Examples for black boxes G can be the inverses of the
cumulative distribution functions [[16l], or neural networks that
can generate meaningful samples given random noise, such as
diffusion models for image generation [3]][4].

The goal is of course to estimate the distribution Py«
that the sample could have come from — not only as a
point estimate, but as a whole region of equally suitable
parameters. This estimation will be done using hypothesis tests
for Hy : Py = Py~ and H; : Py # Py~ that have exact, user-
chosen coverage (probability of type I error), and are strongly
consistent. These tests are constructed using the resampling
and ranking framework introduced in [9].

The core idea of the framework is to generate m — 1 i.i.d.
alternative samples, each from Py, order them using a ranking
function, and then the rank of the original sample becomes its
place in the ordering:

Definition IIL.1. [0, Definition 2] Let A be a measurable
space, denote {1,...,m} with [m]. Then ¢ : A™ — [m] is a
ranking function if it satisfies the following properties:

P1) Invariance with regards to the reordering of the last m—1
elements, i.e. for all (ay,...,amy,) € A™:

1,[)((11, A2y uuy
where T is a permutation on the set {2, ...,m}.
P2) Uniqueness in the first variable, i.e. for all i,j € [m] if
a; # a;, then

Y(ai, {arezi) # Y(aj, {artrzs)

where the shorthand notation is justified by Pl.

(IIL1)

am) = 'l/)(ala A7(2)y s aTr(m))

(1IL.2)

Using the concept of ranking functions, confidence regions
for parameter 6* with exact coverage can be constructed. From
now on the original sample is denoted with S(*), and the i-th
alternative sample with S

Theorem IIL.2. [[I0, Theorem 2] Given a ranking function 1,
a parameter set © and integer hyperparameters (p, q,m) with
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(a) ML reference variable

(c) MMD reference variable

Fig. 1: Examples for Loglikelihood- and MMD-based refer-
ence variables and their ranks for a sample of size 50 from a
Gamma distribution, using a fixed seed to generate both the
reference variables and the alternative samples.

(d) MMD Rank

1 < p < q < m, for the null hypothesis Hy : Py = Py« a
confidence region for 0* can be constructed as:

O oy =10 €0 | p < (SO {sV} ) < g}
where we have

P (0* cov (I1L3)

_g—p+t1
(p;%m)) -

m

The Rank in the previous example was calculated using
reference variables, which are functions that assign a value to
the original sample based on the parameter it is being tested
for. In this work, we will focus on reference variable based
ranking functions, for which the reference varaiables will be
denoted as:

70 .= T(5© 6) (I1.4)

where T : & x © —R. The same function can also be applied
to the alternative samples in order to obtain {Z(gl)}#o. The
rank then becomes the position of the reference variable in the
ordering of all references.

An example for a reference variable that was used in Figure
[Ib]is the Loglikelihood-based reference variable:

Example. If £(6,S5") denotes the log-likelihood of sample
S then

Z{ = ||VoL(6, S| (IIL5)

is the Loglikelihood-based reference variable.

This type of reference variable is useful if we know that the
sample came from a well-known distribution family, for which
the expression above can be calculated. Its main advantage is
that it is really fast to calculate if we have an explicit solution
for the expression above.

However, we would like to focus on distribution-free ref-
erence variables that don’t depend on such prior knowledge
or calculations. To achieve this end, the concept of reference

variables can be further generalised by introducing some
randomization to them through a seed component:

Z5) =1T(85".0,) (I1L6)
Where the seeds & = {¢;}7"," are sampled i.i.d. from a Borel-
measurable space over an arbitrary distribution. Note that if
the seed ¢ is fixed, then these reference variables act as if they
were of the previous type.

This generalisation will allow us to introduce MMD based
reference variables using the unbiased estimator for the MMD
of the distributions of the two samples:

. 92 . .
Zy', = MMDy[S5”, S5 ) (I1L.7)

Here all samples are compared to another set of alternative
samples to obtain Zéo), e Z(Sm_l) and ¢; encodes the seed
that is used the generate S(™), Sém+1), e S(ng—l)
black box G : O x Q— X.

Remark. {Zé%}#o can be thought of as ii.d. alternative
' )

using

samples for the reference variable Z (0 , which also have the
same distribution under Hy. Therefore the notation Zéi) is
used for this type of reference variable as well, indicating &
only when the seed is fixed.

In order to obtain the rank of the original sample using its
reference variable, Zéo), ...,Ze(,m_l) are sorted in ascending

order, and the rank of S‘gi) becomes its place in the ordering:

WSS {7 Vi) = 1+ B < (IIL.8)

J#i
Remark. It can be seen from equation why the ii.d.
assumption only needs to hold for the resamplings and why it
can be relaxed for the original sample. It’s because the rank
of S(© and therefore the hypothesis test only depends on the
sample through the reference variable, which can be tailored
to the task at hand.

Different reference variables could sometimes take on the
same values for some parameters, so to ensure a strict ordering,
a pseudo-ordering can be included in the ranking function:

Definition IIL.3. [[I0l IV/A] Let 7 : [m] — [m] be a random
permutation, which we select random uniformly from the set
of all such permutations. Then we say that Zél) <x Ze('] ) if
72 < 79 or 28 = 28 and = (i) < = (j).

With this ordering, it can be ensured that the reference vari-
able based ranking functions will indeed be ranking functions.

In order to compare the ranks of the original sample for
different numbers of resamplings, we will be using the notion
of the normalized rank instead. The normalized rank of the
original sample with regards to the m — 1 ii.d samples
generated from Py is the rank devided by the number of
resamplings, i.e.:

m—1

my 1
R™ = - <1 + > H{Zéi)dém}) (I1L.9)

i=1



B. Smoothed Rank

As we saw in the example above, if Z(gj ) are constructed
in such a way that a better fit between the sample and Py
corresponds to a lower value, then having a lower rank on the
original sample would imply a better estimate of the parameter.
Therefore, the key idea is that a § that minimizes Rem) will be
a good estimation, so a point estimate based on the resampling
and ranking framamework can be defined as

0 € argmin Rém)

0€O

(IIL.10)

However, there are some problems with this approach.
First, the rank depends on the resamplings, which are random
variables that would introduce a lot of noise into the value of
the ranking function at each parameter, therefore the seed &
needs to be fixed order for the minimum to be well defined.

The other problem is that if the seed £ is fixed for the refer-
ence variable as well as the resamplings, and the distribution
is parameterized reasonably, the value of the normalized rank
given parameter 6 will be a piecewise constant function, on
which it would be difficult to optimize using gradient descent
methods. Hence, the concept of smoothed rank was introduced
(see Flgure [2). It interpolates using the ordered version of
{Z }#0 at each point # € ©, and in order to have a slope
where the reference variable is the highest, the user can give
any monotone function with some conditions.

Definition IIL4. [17 4.3] Let Y,V < ... < Y™ ") denote

the pointwise ordered version of {Zéi)}i;,go. (For a formal
definition of pointwise ordering, see|lll.13|) Then the smoothed
rank of z € R is defined as:

1 z
el ]
m Yy

1 z—Y,M
k14—
m

if z < Ye(l)

Ry (2) =

(k+1)
Y Y(k))’fy sz2<Y

l (m—‘rT(Z, Yg(m71)>) ifo(mil) <z

mn (IIL11)
where T is a continuous function with 7(z,y) > 0 and

7(2,2) = 0 for every z and y in the ranges of Zéo) and Zél)

respectively, assuming z > y. Furthermore, we require T to

monotonically increase in z and monotonically decrease in y

in the same area.

The selection of 7 can be used to adjust the slope in the
corresponding regions during optimization, in order to find the
region where Rém) < 1. Examples of the choice of 7 can be
T(zy)=2-lor7(z,y) = Z—z -1

The definition is given for any z € R (as this definition will
be important in later sectlons) and from it the smoothed rank
of the reference variable R} 5) can be defined as

RyY =

The continuity of the construction above is entirely depen-
dent on the continuity of the reference variables, as we will
show next.

R (Z5%) (II1.12)

Lemma IIL5. Letr (©,d) be a metric space and
Z® : © >R (k € [m]) continuous functions. Denote their
pointwise ordered version with Z,'

Z9 () = min {Z(j)(ﬂ) | # {k | 29 (9) > Z(’“)(G)} > z}

j€lm]

(I1.13)
< Z,Em)(H). (# denotes the cardinality of
are continuous for all i € [m] in ©.

ie. 2Z89(0) <.
the set.) Then 7\

Corollary IIL6. If Z) are continuous in the parameter space
O and PQ(Z() = Z(J)) =0 1ifi# j for every 0 € O, then
Ry is continuous with probability one.

Proof. The smoothed rank 7@ is constructed from elementary
operations of Z(Sl) and Ye(l), both of which are continuous.
(The restrictions on 7 ensure that the smoothed rank will be
continuous in the corresponding region as well.) O

Now that the continuity of R is ensured, stepwise opti-
mization techniques can be used to find its minimum. Some
experiments with well-known stochastic optimization algo-
rithms and their results can be found later in Section [V] but
first we discuss some theoretical results about the asymptotic
properties of the normalized rank and the smoothed rank.

IV. ASYMPTOTIC BEHAVIOR

An interesting question that can be asked is what happens if
the number of resamplings (m) or in case of an i.i.d. sample,
the number of elements in each sample (n) is increased and
either of them tends to infinity.

A. Increasing the Number of Resamplings

First, the asymptotics in m — co will be discussed. Since
the range of the ranking function is dependent on m, the
normalized rank RS™ will be used for this analysis, which
is the rank divided by m. This will allow us to compare the
values of Rém) for different ms, as Rém) € [0,1] for every
m.

15

1.0

0.5

0.0

Fig. 2: The normalized rank and smoothed rank (for a fix seed)
of a sample from an exponential distribution with parameter 2
using MMD based reference variables using the RBF kernel
with o = 1. (n = 50, m = 10, 7(z,y) = i -1



In order to make the notation and the analysis clearer, the
normalized rank of any z € R can be defined as

(1 + Z Lz }> av.1

The function R((,m) (z) can then be rewritten in the following
form, so that it resembles an empirical cumulative distribution
function a bit more:

m—1
m 1
Ry (2) = — (1 + Z H{Zéw@}) =

R(m)(

(IV.2)
1

= — H i
m+ m mflz1 {24 <=}

K2

From which, since {Zéi)}#o are i.i.d., the law of large
numbers can be applied in order to obtain

m—1

(m)e N — 1 .
ARG = i S D M <

=P (Z(gl) < z) = FZél)(z)

(Iv.3)

with probability one for any z € R, where F', ) denotes the
6

cumulative distribution function of Zél).

First we assume that the original sample, S(®) is given and
fix, but it will later be showed that this assumption can be
relaxed.

Corollary IV.1. If Z{go) is a deterministic reference variable
(e.g. the seed is fixed or loglikelihood-based), then using the
substitution z = Z(SO), it holds with probability one that

Z( (Z( ))

This means that for any parameter 6, the rank of the original
sample will converge to the value that the CDF of Z, (1)
assigns to the reference variable of the original sample. ThlS
is illustrated on Figure ??, where the rank was calculated for
a fix sample using an MMD-based reference variable with a
fixed seed. We can see that the functions get more and more
smooth as we get better and better approximations of the CDF.

If however, Zéo) is a random variable (for example an
MMD-based reference variable is used), then because it _is
independent from ", ..., z{™ ™
there will be a convergence. Since the convergence holds for
all z € R, even if both Rém) and Zéo) are random variables,
there will be a convergence with probability one:

lim R( ™ —

m— 00

(IV.4)

Corollary IV.2. If Zéo)
then with probability one

is a randomized reference variable,

Z(l) (ZéO))

Remark. It is important to emphasise that the rank at a fix
parameter will be still be a random variable as m — oo,
the corollaries above only describe its limiting dlStI'lbuthIl
However, if the reference variable is deterministic for Z (for
Zg (m D are

lim R( ™ —

m— 00

IV.5)

example by fixing the seed), then even if Z; (1 ), ey

, similarly to Corollary
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Fig. 3: The rank of a sample from an exponential distribution
with parameter 2 in 10000 independent simulations at each
parameter using MMD-based reference variables

randomized, the limit is deterministic. (i.e. if we condition on
the reference variable, then the limit is deterministic.)

We can also see that the randomness in the original sample
can be incorporated into the randomness of the reference
varaiable, and therefore Corollary holds even if S© is
not assumed to be fixed.

We can notice that the normalized rank Rém)(z) almost

corresponds to the empirical CDF of {Zéi)}#o at point z € R,
i.e. it can be rewritten as

1 m—1
Ry (z) = = + T Fp V.6
o ()= —+ — 1(2) (IV.6)
where F;,—1(z) denotes the empirical cumulative distribution

function of {Zéz)}#o for a fix 6.

Remark. Under Hy: Py = Py~ if Z(gi) are continuous random

variables, then lim R(
m—r 00

tributed over [0, 1] without conditioning on the original sample
S(0), This is because substituting any random variable into its
own CDF yields a uniform distribution.

Figure [3] illustrates this by showing that the distribution
of the rank approaches a discrete uniform distribution as we
get closer to the true parameter. In this simulation S(® (of
size n = 50) was redrawn every time from an exponential
distribution with parameter 2 and was then ranked using an
MMD-based reference variable and m = 100. There were
10000 trials at each parameter, and the number of times each
rank is achieved is then visualised on a histogram (vertically)
for each parameter. We can see that as we get closer to the
true parameter A = 2, the rank gets more and more uniformly
distributed.

= Fyo (Zé0)> is uniformly dis-

In order to give an upper give an upper bound for the
rate of convergence in Corollary the Dvoretzky-Kiefer-
Wolfowitz inequality can be used.

Theorem IV.3 (Dvoretzky-Kiefer-Wolfowitz). [I8] Let F,
denote the empirical CDF of n i.i.d. random variables with



CDF F'. Then for any \ € R it holds that
P <\/ﬁ sup |FL(t) — F(t)| > )\) < 2exp(—2X?)  (IV.7)
By rearranging the terms and using A\ = \/ne we obtain
P (sgp |Fo(t) — F(t)| > 5) < 2exp(—2ne?)  (IV.8)

This inequality can be used to give an upper bound for the
probability of the difference between the normalized rank and
the CDF being greater than some ¢ > 0 for any fixed 6:

Proposition IV.4. Let Rém) denote the normalized rank of the
reference variable Zéo) and F',) the CDF of the alternative

samples for the reference variable at parameter 0. Then the
following inequality holds:

P

Ry™ — F o

Z(O) >e) <2exp —9me? + 4e
(27)]> ¢) < zexn )

<P (sgp RY™(2) = Fyon (z)] > 5>

_p (sgp % + AR () - By ()| > 5)

<P (Sgpmn; ! ‘(Fm,l(z) - FZél)(z))‘ LR g)

_ (slzlp (Fm,l(z) . FZ<1)(z))‘ > m”z : (5— ;))

O

We can see that for any fix € > 0, an upper bound can be
given across all possible reference variables for the probability
of Rém) — FZél) (Zéo))‘ > ¢ at each point 6, which tends
to zero as m — 00.

Next, we will apply Corollary to the smoothed rank
(Definition [IIL.4). Since the ranking function will be piecewise
constant only when the seed is fixed (otherwise there is noise
present), we will restrict our discussion only to this case.

Remark. Before moving on to the theorem and its proof it is
important to discuss and clarify the notion of fixing the seed
for the reference variables and the subsamplings as m — co.
We make the assumption that the seeds are contained in
an infinite vector £ = (&o,&1,&2,...) where & is used to
calculate Zé?g, & is used for Zg}é, and so on and {&;};~¢ were

sampled i.i.d. from the same distribution Q. This means that
the distribution of {Zé’é}»o will be as if they were sampled
i.i.d., and therefore

1 ¢
S ; Lo = B Z;H{Z;“«} av:5)
with probability 1.

Theorem IV.5. Let ﬁé"g)(z) denote the smoothed rank of z €

R for a fixed seed &, and Z él) denote the alternative reference
variable at point 0 without fixing the seed. Then

lim R (2) =P (24" < 2) = Fy0(2)
’ 6

m— o0 Z

(1V.10)

Corollary IV.6. With the substitution z = Zéog we have

(0)
s (252)

with probability one for any fixed seed €.

lim 7~3(m) =

m—oo 08

av.11)

Remark. Similarly to the‘normalized rank, under the null
hypothesis Py = Py, if Z(gl) are continuous random variables,

then 1i_r>n ﬁé”g) =F,o0 <Z§0)) is uniformly distributed over
m o0 ’ o
[0,1] if we randomize both the seed and the original sample.

B. Uniform Convergence

In the previous section we have shown that there is a
pointwise convergence at each parameter 6 for the ranking
function. Since this convergence shows similarities to the
Glivenco-Cantelli Theorem [15, Proposition 3.24], the ques-
tion of whether it is possible to guarantee uniform convergence
across the parameter spaces can be asked. It is important
to emphasise that the Glivenco-Cantelli Theorem provides
uniform convergence over the sample space, but we want it
over the parameter space.

In this section we will use the tools of VC-theory, and
a generalisation of the Glivenco-Cantelli Theorem in order
to state a sufficient condition for uniform convergence, that
depends only on the type of reference variable used. Then
we will show applications of this theorem, applying it for the
previously defined reference variables, and even showing a
uniform converge across the sample space.

We start by stating the UCG (Uniform Glivenco-Cantelli)
property, which defines what is meant by uniform convergence.
This definition would ensure that if the ranking function is
written in place of the empirical mean of f (see in the
definition), then for any distribution of the resamplings (which
is based on the hypotethised distribution), there would be a
uniform convergence.

Definition IV.7. [19 Definition 3.23] Let X be a standard
Borel space and My be the set of all probability distributions
over X. A set of X — R measurable functions H is uniform
Glivenco-Cantelli (UGC) if for every € > 0,

1 m
1) = 1)
av.12)

where {x;} are sampled i.i.d. from the distribution p.

>e|=0

m>l feH

lim sup P | sup sup
lﬁOOp,EMX



Next, we state the definition of VC-dimension. This concept
is widely used in statistical learning theory to measure the
capacity of function classes [20][21]]. In this case, it will be
used to give an equivalent condition for the UGC property.

Definition IV.8. [21| Definition 4.1] Let X be a measurable
space and H be a collection of X —{0,1} functions. We say
that H shatters a set T' if for every U C T there exists an
fu € H such that fy(x) =1 for all x € U and fy(z) =0
for all x € T\ U. The VC dimension of H is defined as the

maximum cardinality of a set that H can shatter.

As it can be seen in the definition above, the concept of
VC-dimension was first introduced for binary classification
problems. There are however different generalisations of it for
regression problems, one being the fat shattering dimension
defined bellow as V., -dimension:

Definition IV.9. [[19] Definition 3.24] Let H be a set of X —
[0, 1] functions and v > 0. We say that A C X is V, shattered
by H if Ja € R such that for every E C A there exists
an fg € H s.t. fg(x) < a— for every v € A\ E and
fe(z) > a+~ for every x € E. The V,-dimension of H,
V, (M) is the maximal cardinality of a set A that can be V,
shattered by H.

Remark. The definition of V,,-dimension can also be applied
to binary classificaton problems. In this case if H is a set of
X —{0,1} functions, then its V., dimension is equal to its
VC-dimension if v < 1/2, and therefore V,(H) < VC(#) for
every 7.

Now we state the theorem (Which is a generalisation of
the Glivenco-Cantelli Theorem), that was the motivation for
introducing the capacity measures previously.

Theorem IV.10. [[9 Theorem 3.25] Let H be a set of X —
[0,1] functions. Then H is UGC if and only if the V() is
finite for every v > 0

This theorem can also be applied to a set of binary functions
as well, since V. (H) < VC(H):

Corollary IV.11. If H is a set of X — {0, 1} functions and
VC(H) < oo, then © is UCG.

The motivation for stating Corollary is that the
normalized rank is a mean of indicator functions (indicating
whether the reference variable is greater than an alternative
variable), and therefore we need to have a restriction on the
VC-dimension of these indicator functions. However, for the
theorem to be applicable, we need to have the condition on
the reference variable, not the indicator functions. Luckily the
concept of pseudo-dimension can be used in order to ensure
this:

Definition IV.12. [2]| Definition 4.2] Let G be a set of real
valued functions on X and S = {x1,...,xm} C X. Then S is
pseudo-shattered by G if there exists z = (21,...,2m) € R™
such that for every E C S there exists an fp € H for which
fe(x) > 2z ifv; € E and fp(x;) < z if v; € S\ E. We
say that z is a witness to the pseudo-shattering. The pseudo-

dimension of G denoted as Pdim(G) is the maximal cardinality
of a set S that can be pseudo-shattered by G.

Lemma IV.13. [2]| Lemma 4.1] If G is a set of X — R
functions and a set of X xR—{0, 1} functions H is defined as

then VC(H) = Pdim(G)

This means that we can use a pseudo-dimension based
condition for the UCG property across the parameter space
O, as well as all possible seeds £ € Q:

Theorem IV.14. Let SO denote a fixed original sample, Z(gog)

its reference variable calculated using seed £ and Rgn) be its
rank. If there exists a set of © — R functions G such that
Zéof) € G for every seed { € Q, and Pdim(G) < oo, then
S0
(IV.14)

lim sup P (sup sup ‘Ré"g) ~F,u (Zéog)‘ > =0
: ¢ ,

l—o0 geco m>l £€Q

Proof. Let’s define the variables according to the notations of
Definition

If Z (1) is a random variable, then the distribution of z; =
(0, Zélg) denoted as pg is Borel-measurable on X = © x R
for any fix §. (Note that the first coordinate is just the point
measure at 6.) Therefore {up}oco = M’ C My. Next, the
function class H is defined as

H={1y(2) = 100, Z5") =T 500 _ o]0 € G} aVi15)

Since H is a class of binary functions, according to Theo-
rem there will be a convergence on all Borel prob-
ability measures if VC(H) < oo, which is equivalent to
Pdim(G) < oo. This results in a uniform convergence over
G of %ZZI I[{Zi<g(0i)} to P(Zi < 9(91)) for all p € My.
(Here the samples {z; = (0;, 2;)}™, could come from any
i € My) Therefore the convergence also on M’. For any
g € M’ the set of samples {(z1,61), ..., (Tm,0m)} can be
written as {(z1,0), ...(zm,0)} and therefore

1 m 1 m
m 2H{z¢<g(9¢)} = m §H{Zéi)<g(9)} = Fm(g(e))
) - (IV.16)
and
=F

P (i < 9(0) =P (2" < 9(0)) = Fy0 (9(6))

where F},, denotes the empirical CDF of {Z é()z) 1. Fromm
it can be seen that the convergence of the empirical CDF
is equivalent to the convergence of the rank at each point,
and the convergence speed is only dependent on m. Therefore
R(Sm) (g(#)) converges to FZ},” (g(6)) uniformly on 6 for every

Iv.17)

g € G. Since Z(S?g) € g for every fix seed &, the convergence
should also hold for Ry = R{™ (Z5%). 0

In order to be able to apply the theorem above to some
reference variables, we will give some basic arithmetic prop-
erties that can be used to prove that a function class has a
finite pseudo-dimension.



Theorem IV.15. [22| Theorem 11.4] If H is a vector space
of real-valued functions, then Pdim(H) = dim(H)

Corollary IV.16. [22| Corollary 11.5] If H C F where F is
a vector space, then Pdim(H) < dim(F)

Lemma IV.17. [22| Theorem 11.3] Let H be a class of X — R
functions, and g : R = R a non-decreasing function. Then
for the function class G = {g(f(x))|f € H} it holds that
Pdim(G) < Pdim(H)

Lemma IV.18. Let H be a set of X — R functions and g :
U — X be any function. Then for the pseudo-dimension of
G = {h(g(W))|h € H} (where G is a set of ¥ —R functions)
it holds that Pdim(G) < Pdim(H).

Proof. Let X = {¢1,..,¥,} C ¥ such that it can be
pseudo-shattered by G. First we prove that the set X' =
{9(¥1), ..., 9(¥n)} C O1 has cardinality n, i.e. g(v;) # g(¢;)
if i £ j.

Assume that there are two indices ¢ # j for which g(v;) =
g(1;), denote their witnesses by z; and z;, and let Ey = {t; }
and F> = {1;}. This would mean that there exist functions
fE., fE, € H for which

zi < fE,(9(¥:)) i) < 2
zj < fE.(9(¥5)) = fE, (9(¥i)) < 2

which is a contradiction, and therefore |X'| = n.

The other required condition is X’ to be pseudo-shattered
by H. This holds, because every ho g function from G creates
the same partition on X as h does on X’, and therefore
Pdim(G) < Pdim(H). O

First we can notice that if the reference variable is not
randomized, then the uniform convergence property holds. In
this case it can be assumed that G contains only one function,
namely the reference variable, and therefore |G| = 1, resulting
in Pdim(G) = 0. Similarly, the seed being fixed, or the seed
space Q having a finite cardinality results in the pseudo-
dimension of G being finite, meaning a uniform convergence.
Note that (similarly to the case of pointwise convergence) the
seed is only needed to be fixed for the reference variable, and
not for the alternative reference variables in order for the UCG
property to hold.

However, the results above only hold if we assume that
the original sample S(®) € X" is fixed. Fortunately, this
assumption can be relaxed if the reference var1ab1e is in G for
every possible seed and original sample i.e. Z 0—-Reg
for every (S(©,¢) € X™ x Q and Pdim(G) < oo

This relaxation will be showcased by the following propo-
sition, where the uniform convergence across all original
samples is proved for Loglikelihood-based reference variables
from the exponential distribution family.

Proposition 1V.19. Let Zéo) be a Loglikelihood-based refer-
ence variable using the Likelihood-function of a distribution
from a d-dimensional exponential family, i.e. the reference

variable of the original sample S0 = (xy,...,z,) at pa-
rameter 8 € RP can be expressed in the form
0) _ on|I?

7\ = || Vylog L(6, S©) (IV.19)

mean
maximum
3 minimum

Error

L L L L L
0 250 500 750 1000

m

Fig. 4: The mean, maximum and minimum of 50 independent
trials for the maximum of (Rém) - FZ(l)(ZéO)))Q over the
parameter space with increasing m illustrates the uniform
convergence when the loglikelihood-based reference variable
is used. The sample of size 50 was drawn from an exponential
distribution with parameter 1. The maximum was taken over
the discretized parameter space [0.01,3] divided into 10000
pieces, with the alternative reference variables being redrawn
at every step independently.

where L denotes the likelihood of 6 given S©):

L(6,5) = H h(z

Then there is a uniform convergence of the rank of the
reference variable to its theoretical limit across the sample
space, as well as the parameter space:

~Fy (A7) 2 ) -

avan

)exp (07T (z;) —

b(0))  (IV.20)

RY™

lim sup P | sup sup
=00 geco m>1 §(0) CRd

Proof. The value of the reference variable can be rewritten as

7\ = v(,ﬁ(e,s@)H2

= <Z log (h(z)exp (07T (x;) — b(9)))>
= ||Vy (Z log(h(z;)) + Z 07T (x;) — nb(G))

2

2

2

= z”: T(x;) —nVeb(0)

i=1

Here we can define £ = )", T'(z;) and 5(0) = nVyb(0),
and therefore

Z¥) = ||g - ()| (IV.22)

It is important to note that only the value of £ € RP is
dependent on the original sample and it is independent of 6.



This means that all possible reference variables that could
be assigned to S(?) at parameter 6 are contained in the set

{If BONP: €= Zsz
(1IV.23)

The goal is now to prove that Pdim(G) < oo, so that
Theorem can be applied in order to obtain the uniform
convergence. To proceed with this, first we relax the condition
on &, resulting in a larger function class:

g' = {lig - Bo)* |¢ e R"}

Since G C @', it is enough to prove Pdim(G’) < oo. From
Lemma it can be seen that it is enough to prove that the
function class G” = {f,(u) = |u—v|* |v € R%} has a finite
pseudo-dimension. Every element of G” can be rewritten as

va—% uz—l—u —Zv +Zu —227} U;

(IV 25)
where the changing values of {v;} determine the function
class. From this representation it can be seen that this function
class is a subset of a 2d 4 1-dimensional vector space H:

d d
H= {hw,v7a(u'7 w =a+y wiui+y U;fui} (IV.26)
i=1 i=1

and therefore

anRd

L1y eeey

(IV.24)

Pdim(G) < Pdim(G’) < Pdim(G") < Pdim(H) < 2d + 1
av.27)
Meaning that Theorem can be applied to function class
G, resulting in a uniform convergence across the sample space.
O

From the previous example, we can see that Theorem
can be used to prove uniform convergence on © across all
possible original samples. We prove in a similar manner the
uniform convergence across all possible original samples for
certain reference variables if the seed is fixed.

Theorem IV.20. Let S©) denote the original sample, Ze ¢ its

reference variable calculated using a fixed seed & and let R(m)
be its rank. If there exists a set of © =R functions G such that
05) € G for every original sample S©, and Pdim(G) < oo,

then it holds that
€ §> =0

Iv.28)

RyY — F

zY (Ztg?£)> ’ =

lim sup P | sup sup
l—o0 geo m>l §00)cxn

Proof. The proof is the same as for Theorem since the
only difference is between how we define the function class,
and the only property used to define the uniform convergence
is Pdim(G) < oc. O

We will use the Theorem [IV.20| to prove uniform conver-
gence across all original samples for MMD-based reference
variables constructed using a finite-dimensional RKHS.

Proposition 1V.21. Let Ze(,o) be an MMD-based reference
variable, that was constructed using a kernel k, for which its
corresponding RKHS H is a fﬁnite-dimensional vector space.
If the seed for calculating Z{go is fixed, then there is a uniform
convergence across all possible original samples SO ¢ X™:

()

av.29)

m 0
RyY — Fyo (Z50)| 2 ¢

lim sup P | sup sup
l—o0 geco m>l §00)cxn

Proof. Let Z{%) = MMDy,[S©, S ()] where ™ : 09—
X" denotes the function that generates an alternative sample
for the fix seed £. We will once again try to prove that
pdim ({27 = MMD,,[S), 5™ (0) N|s® e xm}) < oo
Iv.30)
First, we use Lemma to see that by defining a set of
X™ =R functions as

G {Mi[s((J) s)|s©exn} av.31)
we have
paim ({72 s©ex}) <pdim(@) AV

Next, we write out a function from G in its full form where
{x;} are the elements of S(°) that parameterize the function
class and {y;} are the elements of S, the input of the function.

—2
= MMD,,[S(©, 5]

n n

fs0 (5)

(Iv.33)

Let eq,...,eq denote an orthonormal basis of . From the
reproducing property of (H, k), for any u,v € H, k(u,v) can
be rewritten as

k(u,v) = (ky, ku) = (a1€1 + aqeq, fre1 + Baeq)

d
= Zazﬂi
i=1

Now we can see that G is a subset of a finite-dimensional
vector space: Let km = ;161 + ... + Q5 g€q for every x; €
SO, (Notice that G is parameterized by o = (01,1, Qnd)s
since fg() depends on S(©) only through k., ..., ks, .)
Similarly, for a fix S(©) the value of fg (S) depends on
S only through
{ky, }i

1 =1{(Biier + ...+ Bigeaq) bim (IV.34)



By introducing the function ¥(S) = (811,...,0n.4) = 5,
Lemma [[V.1§| can be used on f,(¥(S)) = fa(8) where

1 n n d
foz(ﬁ) = m ;Jz::l ;O&i,laj,l

n n

d
+ ﬁ SN BB

i=1j=11=1

D) n n d
2SS Y s

i=1 j=1 |=1

(IV.35)

Similarly to equation we can see that this is a subset
of a 2dn? + 1 dimensional space, and therefore it has a finite
pseudo-dimension. O

C. Increasing Sample Size

Next, we investigate the asymptotic behavior for n — co. For
this, it is assumed that the original sample S(©) = {1, ....,2,,}
contains i.i.d. instances from distribution Py.

Definition 1V.22. We say that a reference variable is consis-
tent, if it holds that

{o if £; ~ Py iid

lim Z\" = (IV.36)

n— 00

c € Ry U{oo} else
almost surely for any 6 € © parameter.

If Zéz) are
consistent, then for any fix 0 € O, the normalized rank Rém)
constructed from it has the following properties:

L) R{™ =1 as. as n— oo if Pge # Py,

1I.) ﬁém) S Unl0,1] as n — oo if Pgp« = Py where
U, [0,1] denotes the discrete uniform distribution over the
set {%, e %‘17 1} if the original sample S©) is considered
random as well.

Proposition IV.23. (Pointwise consistency)

Next, we prove that the MMD based reference variables
are consistent if they are constructed using a characteristic
kernel. An example for increasing the size of the sample for
a characteristic (in this case RBF) kernel is shown in Figure
?2?. To show that characteristic kernels are consistent, first we
need the law of large numbers for kernel mean embeddings.

Lemma IV.24. (Law of large numbers for kernel mean embed-
dings) Let H be a real, separable RKHS over X and (X, A, P)
a probability space. Denote the empirical distribution of a
sample {x;}"_; with Qn(A) = 13" T,.ca forall A€ A

T

Then it holds that ||pp — pg, |3, —0 as n—oo.

Corollary IV.25. If an MMD-based reference variable is
constructed using a characteristic kernel, then it is consistent.

V. OPTIMIZATION
A. Algorithms

In this section we explore some stochastic approximation
algorithms that can be used to find a point estimate for the
minimizer § of the ranking function. It will be assumed that
the distribution is parameterised by a vector space ©, so that

gradient descent-based algorithms can be be used (motivated
by the widely used stochastic gradient descent algorithm [23]]).
Unfortunately however, the gradient of the rank cannot be
calculated, since we assume that (both the original and the
alternative) samples are generated by a black box G : O x Q —
X, and therefore we do not explicitly know how the rank
depends on parameter 6. In order to overcome this problem, we
will take inspiration from stochastic approximation algorithms.
One such algorithm is the Kiefer-Wolfowitz algorithm [24],
that can be used for one-dimensional parameter spaces. This
algorithm works by taking a small step in each direction, and
then estimating the gradient based on the value of the function
in each direction:

Definition V.1. Kiefer-Wolfowitz Algorithm for finding a min-

imum of function F': R—R:
F(6, —6,) — F (0, +9,)

20,

where the learning rates {v,} and &, satisfy Y .- ,Vn = 00,
2

lim 6, =0 and 5 °° , 1o < 0.
n—oo Zn:O o2

This idea can be extended to finite-dimensional vector
spaces using the Simultaneous Perturbation Stochastic Ap-
proximation (SPSA) algorithm [25], which estimates the gra-
dient locally by taking only one step in a random, as well as
the exact opposite direciton.

Definition V.2. Simultaneous Perturbation Stochastic Approx-

imation (SPSA): for finding a minimum of F : R? —R:

F(0, —6,A,) — F (0, + 0,A)
20, Ap 1

9n+1,k - an,k + Yn (VZ)
where 0, i denotes the kth coordinate of 0, and {A,}
are independent, symmetric, zero-mean vectors, for example
Bernoulli trials with A,, ;, = £1 with probability % each.

We can further echance the algorithm above by adding a
momentum component to it (making it similar to the heavy-
ball method), or by making it similar to the popular ADAM
algorithm [26, Algorithm 1].

VI. CONCLUSION

There are many promising directions to continue on from
here in both theory and practice. An interesting theoretical
question is whether the theory of Rashomon sets [6]] can be
incorporated to the topic of ranking functions. A practical
direction to further investigate is whether this framework can
be applied to train or fine-tune more complex models (such as
diffusion models for image generation), or to explore methods
that can create region estimates.

In this work we have first established a framework for
creating consistent, distribution-free confidence regions for
generative models with exact coverage for finite samples. The
asymptotic behavior of the ranking function (which is the
basis of the tests used to construct the confidence regions) was
investigated, giving an upper bound for the rate of convergence
(as the number of resamplings is increased) at a fix parameter.
We also gave theoretical guarantees under certain conditions
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Fig. 5: SPSA based optimization methods for a sample from
N(—4,3),n =50,m = 20,7(z,y) = Z —1 using RBF kernel
based MMD reference variables.

for uniform convergence over the parameter space, collected
applicable tools for the proposed condition and demonstrated
usecases for it, proving a uniform convergence across the
sample space for different types of reference variables. As
for the limit of the rank in the size of the original sample, the
definition of a consistent reference variable was introduced to
give a sufficient condition for pointwise convergence, and it
was proved that MMD-based reference variables constructed
using characteristic kernels are consistent.

Methods for creating a point estimate using the introduced
framework were also discussed. In this topic the continuity of
the smoothed rank was proved and simulations were run for
the parameter estimation using different optimization methods.
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