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What is a Sidon Set?

Definition
A subset S ⊆ N is called a Sidon set if for all a, b, c , d ∈ S , the equation
a+ b = c + d implies that {a, b} = {c , d}.

In other words, all pairwise sums of elements in S are distinct.

Theorem
Let S ⊆ {1, . . . , n} be a Sidon set and let s(n) = |S |. Then

s(n) <
√
n + 4

√
n + 1.
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What is lower bound?

Theorem
There exists a Sidon set S ⊆ {1, . . . , n} such that

|S | ≥
√
n

4
.

Another construction due to Ruzsa [3] improves the constant 1
4 .

Theorem
Let p be a prime number. Then there exists a Sidon set in the set Zp2−p

with exactly p − 1 elements.
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Proof of CRT-based Sidon Set

Proof.
Let g be a primitive element modulo p. Consider the following system of
congruences: {

x ≡ i (mod p − 1),
x ≡ g i (mod p).

By the Chinese Remainder Theorem, this system has a unique solution ai .
We will show that the elements a1, . . . , ap−1 form a Sidon set modulo
p2 − p. In other words, this means there is, for any c , exactly one i and j
such that

c ≡ ai + aj (mod p2 − p)

Due to the condition of ai , we have{
c ≡ i + j (mod p − 1),
c ≡ g i + g j (mod p).
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Proof.
By Fermat’s little theorem, we have

g c ≡ g ig j (mod p)

from the first congruence. We now consider the quadratic equation

(x − g i )(x − g j) = x2 − (g i + g j)x + g i+j ≡ x2 − cx + g c (mod p).

This implies that the residue classes (g i )p and (g j)p are uniquely defined
since these are the roots of the quadratic equation.
By assigning a congruent natural number to each residue class
mod(p2 − p), we may get a Sidon set in {1, 2, . . . , p2 − p}. Thus, if n is of
the form p2 − p, we see that

S(n) ≥ p − 1 =
1
2
(
√

4n + 1 − 1) >
√
n − 1.
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Question
What is a lower bound for a Sidon set that contains only primes less than
n?

Answer
Let A ⊂ Zp2−p be a Sidon set with p − 1 elements, as constructed
above.For c ∈ Zp2−p, define the shifted set

A+ c := {a+ c : a ∈ A}.

Therefore, we obtain p2 − p Sidon sets in Zp2−p, namely:

A, A+ 1, . . . , A+ (p2 − p − 1).

Every prime q ∈ P appears in exactly p − 1 of these sets. Thus,∑
c∈Zp2−p

|(A+ c) ∩ P| = |{(q, c) : q ∈ (A+ c) ∩ P}| = π(p2 − p) · (p − 1)
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Answer
There exists some i ∈ Zp2−p such that

|(A+ i) ∩ P| ≥ p − 1
log(p2 − p)

.

By a result of Baker, Harman and Pintz [4], for sufficiently large n, there
exists a prime between N and N + Nδ, where δ = 0.525. Hence, we can
choose a prime p such that

√
n − n0.2625 < p ≤

√
n.

Therefore, we can express the right-hand side in terms of n as follows:

|(A+ i) ∩ P| ≥
√
n − n0.2625

log n
.
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