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Stating the problem

Last semester, we have made looked at the equation

{—div(a(u)Vu) =f;, u:Q—=R;
Uy = 0.
This semester, we have generalized it as follows:
—div(A(x,u) - Vu) +g(x,u)u=f; uv:Q—-R;
”|aQ =0; u € lp;
(A(x, u)Vu-l/—i—pu)L,m =g; uely,
which can be used to model a fuel transformer (cf. [2]).

For the FEM, we need the weak formulation

/A(x,u)~Vu-Vv—|—/q(x,u)uv:/fV+/ pv VVEHE(Q)
Q Q Q £
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Conditions for unique solvability

The afromentioned weak problem has a unique u € Hp () solution if
(i) Q C R?is a bounded domain such that 99 is piecewise smooth;
(i) A:Q xR — R*? measurable, bounded, uniformly positive;

(iii) g: QxR =R, p: 92 — R are nonnegative essentially bounded,
Lipschitz continuous in the second variable;

(iv) fel?(Q), g € L?(09);

(V) 89 = I'D U I'N.
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Linearization

Instead of the nonlinear weak problem, we set some uy € Hp(S), and obtain
Upt+1 by solving

/A(x, un)-Vu,,H-Ver/ q(x, u,,)u,,+1v:/fv+/ pv Vve H,_%(Q).
Q Q Q o9

Compared to our old method, we need to account for the following:

(i) Construct the stiffness matrix such that we have matrix-valued diffusion
functions;

(ii) Include a mass matrix term corresponding to q;
(iii) Impose the proper boundary conditions;

(iv) More complicated domains.
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Stiffness and mass matrices

e Stiffness matrix
o Using reference elements, we can calculate the elementwise
constant gradients;
o We can also compute A(x, u) values at any base point;
o The product A-V;-Vy; can be used for numerical
integration schemes.
o Mass matrix
o For the reaction term, we need to add integrals of the form

/ apjpi
Q

o These can be second order polynomials;
o Keeping the old weights and shifting the base points we can
obtain a quadrature of second order.
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Domain, boundary conditions

e Boundary Conditions:

o Detect boundary edges;

o Compute the integrals / ppi
o)
o Add the values to the load vector.

e Domain:

o We already had square domains;
o Stretching one parameter we can obtain rectangle domains;
o Creating unions of these cover all cases in [2].
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Numerical experiments, max norm
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Numerical experiments, Sobolev norm
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Impacts investigated

e Nonlinearity in the first variable of A — §;
e Nonlinearity in the second variable of A — p;
e Nonlinearity in only one diffusion term — J;
e Nonlinearity in the first variable of ¢ — 7;

e Nonlinearity in the second variable of ¢ — «¢.
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Figure: Impact of different kinds of nonlinearities
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