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Introduction

Topic of the project and the previous works

Binary classification and regression problems
— estimate the regression function
> construct confidence sets around the estimation

First semester:
= confidence intervals for mean estimates
m preparation for binary classification

£
2 00w

Second semester:
m estimate the regression function (f.) in b g o o

inary classification
bina y classificatio Figure: Predicting bank churn using lognormal distribu-
m construct parameterized confidence tion family

regions around the estimation

Noémi Takacs Nonparametric confidence bands for supervised learning Math Project ELTE, January 2025



Introduction

Current study

m Nonparametric methods

— reproducing kernel Hilbert spaces
— kernel ridge regression

m Confidence bands for regression problems

— noise-free case
— noisy case

m Confidence bands for binary classification

— an idea to reformulate the algorithm used for the regression with noisy
observations
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Preliminaries
@0000

Sign-Perturbed Sums (SPS)

Main idea of the algorithm

m generate alternative outputs for the original inputs (perturb the residuals)

m compare the original Dy and the alternative samples {D,-},flq1 with a ranking
function

m construct confidence set based on the rank of Dy

Advantages:
= mild statistical assumptions
m distribution-free
= non-asymptotic
m exact confidence sets
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Preliminaries
0@000

Reproducing Kernel Hilbert Spaces (RKHS)

Let H be a Hilbert space — (H, (-, -)#)

We say that a K kernel has the reproducing property for the # Hilbert space, if for any
x € X, function K(-, x) belongs to #, and satisfies
(F,K(, X)) = f(x) VFfeH.

Especially:
(K(,x),K(+,2)yn = K(x,z) forallx,ze X.

Given any positive definite kernel function IC, there is a unique Hilbert space # in
which the kernel satisfies the reproducing property. It is called the reproducing kernel
Hilbert space associated with K.

Paley-Wiener spaces:

sin(n(x — 2))

k(x.2) = (X — 2)

and k(x,x) = uy
™

— we can use the £2 inner product
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Preliminaries
[e]e] le]e}

Kernel Ridge Regression (KRR)

Yi=1*(x;) + e
We search for f* in the finite form:

() =D k(- x)
i=1

Noise-free case: R
Interpolate the observations — infinitely many f — choose the one with minimal RKHS
norm (smoothest) — solve the optimization problem:
in ||fll%, st f(x;)=y;Vi.
arg min [f]}5 () =i

Noisy case:
Trade-off between the fit and the Hilbert norm — solve the optimization problem:

. 1 &
f = arg min {2!7 Z(}’i - f(Xi))2 + An||f%.¢} )

f
eH i—1

where A\ > 0 is a regularization parameter.
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Preliminaries
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Examples for KRR and the choice of A I.

Gaussian kernel: .
k(x,z) = ——|Ix—z||2),
(.2) = exp (-l — 21

Regression:
n=>50
52
[ .- L]
50
50
]
a8
2
> 46 s 44
— lambda = 0.02
42 lambda = 0.01
“ — lambda = 1e-05
. : a0 — lambda = 1e-20
a2 ® noisy observations [——
=== real \ ® noisy ohservations
— fitted
Q0 T T T T T T
T T T r r T 0 10 20 0 Ey] 50
0 b 0 0 a0 50 %
X
) - . . Figure: KRR estimates with different regularization param-
Figure: Fitting via KRR for contin mple, A = 0.001 ¥ .
gure: Fitting via or continuous sample, 0.00 eters in regression
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Preliminaries
[e]e]e]e] ]

Examples for KRR and the choice of A Il.

Binary classification:

n=>50
n =50
TY=1]K=x)
100 " smem commenee
101 — jambda =05 eecsm
ors{ T T lambda = 0.1
o5 — lambda = 0.0005
050 —— lambda = 5e-05
025 ®  observations
s> 00
> 000
0.2 ® observations -0
-0.50 ! AY=1]%=x]
/
7 === fiX|Y=1) -1.0
I === f{X|¥=-1)
-100{ ® 8@ e commeme .e  fitted v T T T T
T T T T T _ K
—4 -2 0 2 4 N 2 XB 2 4

Figure: KRR estimates with different regularization param-

Figure: Fitting via KRR for binary sample, A = 0.05 eters in binary classification
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Confidence bands for regression
°

Nonparametric confidence bands for regression problem

Experiments based on article [2].
» Paley-Wiener kernel

The task: find a function /(x) = (l1(x), b(x)) : D - R xR
st. v()=PVxeD: h(x)<f(x)<hbHx)>1-a
Assumptions:

m The given input-output pairs (x1,¥1) ... (Xn,¥n) € R x R, is ani.i.d. sample, such
that E [y2] < oo Vk € [n].

m The noise term, ex = yx — f«(Xx) Vk € [n] has a symmetric probability distribution
about zero.

m The inputs {xx} have uniform distribution on [0, 1].
m f, is included in a Paley-Wiener space; Vx € [0,1] : |f.(x)| < 1 and f. satisfies:

[ 2001x ¢ 0.1) (o) < i,
R
where I denotes the indicator function and g is a universal constant.
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Confidence bands for regression

Noise-free case

Construction basics for noise-free regression

No noise — yx = f«(xx) Vk € [n]

Idea of the construction:

Assume that there exists a x stochastic upper bound for the squared norm of the
regression function.

—s Since we can use the £2 norm:

1 n 1 n
3R =3 R R E[RX)] 2 15 = 15
n k=1 n k=1

with 5 = — nyﬂ/ +ao, P13 <k) >1-a.

Then include (xp, ¥o) in the confidence band if the function, which simultaneously
interpolates this new point and the original input-output pairs, has a squared norm
at most k.

— Finally, there are 2 (convex) optimization problems to solve (which also have analytical
solutions):

— Lemma:

min / max ¥

st (o, y Ky oy )T
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Confidence bands for regression

Noise-free case

Simulation for noise-free regression

The true regression function:

Noise-free confidence bands

20
f*(X) :ZWK(X,)_(;() s
k=1
10
divided by maxxe[QJ] fi (X), where 05
{xk}2%, ~ U(0,1) are random input . o
points and {wy }22, ~ U(—1,1) are s
random weights.
— Fue function
-15 ® Observations
The other parameters: » = o onthond
m 7 = 30 for the Paley-Wiener kernel, x
m Jg =0, Figure: Confidence bands for a noise-free regression func-

tion

m a=0.5and0.1,
m n = 10 observation.
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Confidence bands for regression

Noisy case

Construction basics for noisy regression

Noisy observations — yx = fi(xx) + ek Vk € [n]

Idea of the construction:

Build simultaneous confidence intervals for some observed points (select d,
d < n), and use these for bounding the norm.

— with Kernel Gradient Perturbation (KGP) (extension of the SPS) build confidence
intervals for the RKHS coefficients around the KRR estimation:

P(Vk € [d] : fi (%) € [vie, e]) > 1 = B.
— Lemma:

In(cx)
—2d

1 d
with 7 = EZmax{ui,ui}+ +60, P(|f)3 <T)>1—a—8
i=1

Make confidence interval for an unobserved input, using the upper bound for the
norm and the information, that the previously selected points are in the already
calculated intervals with some probability.

— The (convex) optimization problems:
min / max Zp
—1 T
st (20,...,29)Ky (20,...,24) <7
v1 <21 S pay e, vg S 29 < pig-
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Confidence bands for regression

Noisy case

Simulation for noisy regression

The true regression function is the same —_MNoisy confidence bands
as before. The noise term: 7Y e e

®  Selectsd obs.,
2| . 90 % cont band

e ~ Laplace(location = 0, scale = 0.4) 0% conk. oana

The other parameters:
m 71 = 30 for the Paley-Wiener kernel,

[ | 50 = 0,

® a=p4=0.25and 0.05, B T SR S
m n=100and d =20 _ _ » )
m )\ —0.01. Figure: g(r:]r;ftligince bands for a noisily observed regression
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Confidence bands for binary classification
o0

Challenges in binary classification compared to regression

Binary observations — y, € {—1,1} Vk € [n]
If confidence interval endpoints are out of [—1, 1] — define them as -1 and/or 1.

Question:
The noise term is not symmetric — cannot generate new samples in the same way.

Idea for new sample generation:

y(0) = sign(K6 + U),
where U ~ U([-1,1]9).
Problem:

This term appears (multiple times) in the constraint of the optimization task to compute
confidence intervals built around the observed points.
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Confidence bands for binary classification
oce

Solution idea

Idea to avoid the signum function:

Consider all possible values.
e=(£1,...,£1)T e R
Replacing implies adding to the constraints:
€0 ky + Up) >0, Viel[d],

where ky, = (K(Xj, X1), ..., k(Xi, Xq)) T

— easier to solve, but
— 29 task (increasing exponentially with the number of observations)
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Conclusions
°

Conclusions

The algorithm provides stochastic guarantees also for small sample sizes
— validated with numerical simulations in regression problems

Questions and improvement opportunities in binary classification:
m further investigation for practical applicability
= find a way to construct confidence bands with less computational demand
m make smoother bands, e.g. with averaging
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Thank you for your attention!
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