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Definition

Given a complete graph G = (V , E), a root r ∈ V ,
ce ≥ 0 ∀e ∈ E metric lengths of the edges and
πv ≥ 0 ∀v ∈ V\{r} vertex weights,
the price-collecting traveling salesman problem is to find a
cycle C = (VC , EC) in G, so that r ∈ VC , and∑

e∈EC
+
∑

v∈V\VC
is minimal.

The Price-Collecting Traveling Salesman and Related Problems



LP Relaxation

min
∑
e∈E

Cexe +
∑
v∈V

πv (1 − yv )

x(δ(v)) = 2yv ∀v ∈ V\{r}
x(δ(r)) ≤ 2
x(δ(S)) ≥ 2yv ∀S ⊆ V\{r}, v ∈ S

yr = 1
xe ≥ 0 ∀e ∈ E
yv ≥ 0 ∀v ∈ V

Where
δ(S) := {e ∈ E : |e ∩ S| = 1}
x(δ(S)) :=

∑
e∈δ(S) xe
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Implementation of the LP

▶ Language: Python
▶ Library: PuLP
▶ Solver: PULP-CBC-CMD

Issue: number of constraints is exponential
↪→ x(δ(S)) ≥ 2yv ∀S ⊆ V\{r}, v ∈ S
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Code Optimization Strategy

1. Initial Model: Exclude all set constraints of the form
x(δ(S)) ≥ 2yv .

2. Iterative Refinement:
2.1 Solve initial model.
2.2 Identify violated constraints:

▶ For disjoint graphs: Add constraints for connected
components.

▶ For connected graphs: Check minimal cuts and add
constraints for violated sets.

2.3 Re-solve the updated model.

3. Repeat until no more constraints are added or time
becomes impractical.
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Heuristic Algorithm I

1. Setup:
▶ Be given an n-vertex complete graph (metric edge lengths,

vertex weights).
▶ Begin with root node as a one-point tour.

2. Vertex Insertion: Add one vertex to the tour which leads
to the biggest improvement.
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Heuristic Algorithm II
3. Improvement Steps:

▶ Edge-Swapping:

▶ Vertex-Dropping: Check if removing a vertex reduces the
objective value.

4. Algorithm Termination:
▶ Iterate until all n − 1 vertices are added.
▶ Track the best tour throughout and return as the final

solution.
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Setting Parameters

▶ Generate pseudorandom graphs from seeds using NumPy.
▶ Number of vertices: fixed n = 100
▶ Vertex weights: pseudorandom integers between 0 and

100
▶ Edge lengths: pseudorandom coordinates between 0 and

700, euclidean distances, rounding
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Some Tours Found by the Algorithms

Left: LP, Right: heuristic

Objective value by the heuristic algorithm: 4658
Lower bound found by the LP solution: 4494
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Some Tours Found by the Algorithms

Left: LP, Right: heuristic

Objective value by the heuristic algorithm: 4879
Lower bound found by the LP solution: 4611.5
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Some experimental results
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Thank you for your attention!
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