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Stability and bifurcations in reaction-diffusion equations modeling the spread of infectious diseases

1 Biological feasibility

In [8] the authors studied the following ODE system, which models the spread of an infection disease in a human

population:
(S,E, 1) =£(S,E, 1) (1)
where oI
a
f1(S,E,I) = A— ST + BRI —1PS —&sS,
2(S,E,I) := S+ kI — O¢E, )
aSI
f3(S,E,I) = ST1 kI — BRI — &1L

Suppose that for the modeling of the spread of the disease we also need to consider the spatial spread of the
population: members of the population can move inside the domain Q with (piecewise) smooth boundary, and
there is no migration through the boundary of the domain. The system can be described by the reaction-diffusion
differential equation

otu = DAu + f(u) 3)

with homogeneous Neumann-boundary conditions
(n-Vou(r,t) =0 ((r,t) € 00 x Ry), 4)

and with (non identical vanishing) non-negative initial condition

u(,t) =u(-)  ((rt) € Q x{0}), &)
where
ds 0 O
D=] 0 dg O
0 0 d;

is the positive definite diffusion matrix, furthermore
u:=(S,E1I) and f .= (fy,fy,f3).

Last semester, we showed that the model is biologically feasible in the sense that the positive quadrant is an invariant
region, that is solutions with positive initial values stay positive. Now we aim to prove the boundedness of solutions

under some conditions.



Theorem. Suppose that D is a scalar matrix, i.e. dg = dg = d; holds. Then model (3) defined on Q x Rg
has bounded solution for any initial conditions satisfying (3)).

Proof. Let us define
o(r,t) :==o(S,E,I) = S(r,t) + E(r, t) + I(r, t),

then from ds = dg = d; = d, and summing the equations, we get for the time derivative of o the inequality
o(r,t) —dAo(r,t) = A —0sS — 0gE — 1l < A —&o(r, t), (6)
where & = min{ds, dg, d;}. Thus o(r, t) satisfies
6(r,t) — dAo(r,t) <A —&o(r, t), o(r,0) > 0. @)
Let ¢ be the solution of the initial value problem

yt) =A—-¢&y(t) (te€l0,+00)), y(0)= max o(r,0). (8)
re

Thus, ¢ is bounded:
(1) < max {3/&, max o(r,0)

reQ)

and by the Comparison theorem (cf. [1]), o(r,t) < ¢(t) for every t > 0, and hence
Q x Rsr 5 (ryt) — S(r,t), E(r,t), I(r, 1)

are bounded, too. We remark only that (8]) implies that . li+m d(t) = A/E, thus o(r, ) (r € Q) is defined on the
—+00
whole positive half line and

limsupmax o(r,t) <A/ B
t—+oo reQ

Let us consider the case when D is not a scalar matrix, i.e. the diffusion coefficient are unequal and
b+oés=k+6=pn ©))

holds.
Theorem. Assumption (9) implies that system (3] is bounded.

Proof.

Step 1. Let us define the total populations size at time t by

N(t): 1

=l JQ (S(ryt) + I(r,t)) dr (t € [0, 400))

where |Q| denotes the Lebesgue measure of Q. Thus,

1

No :=N(0) = al

J (S(r,0) + I(r,0)) dr.
Q



Adding the first and the third equation in (3) and integrating over (), we have

d

3t JQ (S(ryt) + I(r,t)) dr = A|Q| — pJQ (S+1) + dss L) AS + dyg JQ Al

Using the divergence theorem we get for ¢ € {S, I}

JQAq) :JQV(Vd)) :J Vo -nds =0,

00

because homogeneous Neumann boundary conditions means in (4)) that
ViS=0, V,E=0, V. I=0 on 00 x R].
Hence we have

%N(t) +uN(t) =A (t € [0,400)).

Integrating this equality we have
A A
N(t) = <No — H) e M+ I (t € [0,+00)).

This means that for ¢ € {S, I} we have

1>

Jdas
Q

A
Hence ¢ is bounded by — a.e. in Q, i.e.
o

1dlloo < ﬁ (¢ € (S, ).

Step 2. Using the method presented in [4] we can see that (9) implies that the second variable in (3), resp. in (2)) is

also bounded:

uNo akA +A(B + 01+ k) (P — k)
Egm"“‘{ 5 MaxE(r,0), 6E{a(61+K)+(B+61+K)(5s—61—K+wJ}}' "

In [8] the authors showed, that system (2)) has two equilibria, where if the reproduction ratio is denoted by
a

Roi=———,
0 K+B+5I

then

e in case Ry < 1 system (2) has one equilibrium:

A AP
be = y »0 )
6s + P’ Og(ds + )
e incase Ry > 1 system (2) has two equilibira, ¢, and €, := (S, E., L), where
AR+ 01 + k)

Se = a(51+K)+(B+51+K)(¢+55—51—K))
£ akA +A(B + 01+ k) (P — k)

¢ Se{a(dy+ k) + (B + 81+ K)(8s — 81 — k + )}
L= AMa—B—281—x)

a(d1+k)+(B+861+Kk)(6s — 1 —k+1P)

These equilibria — as constant solutions — are solutions of system (3], too. The stability of these solutions can be

determined by the method of linearization.



2 Linear stability

A spatially constant solution @(-) = (®q(-), D,(-)) of system (3] satisfies obvious boundary conditions (&) and
system (2). The equilibria &, and &, of system (2)) are constant solutions of (3)), () at the same time. In order to
investigate the local stability of these constant solutions of (3) we linearize (3)) at &, and &,. The linearized system
with the same initial and boundary conditions has the form

0v=D -Av+Av  inQxRJ,

(n-Vy)v(r,t) =0 (r,t) € 00 x Ry, (10)

v(r,0) = vo(r) (r,t) € Q x {0}
where
an; apz aps
A= Ji 6000 W = | a1 apn az JUE{C, E}/.
as; asz2 dass

Using Fourier method we suppose that system (I0) has solutions of the form

Alr,t) =¥(r)-@(t)  (rt) € QA xRy)

where
P(r): Q — R, resp. @: R(J{ — R?
satisfy
¢ =(A-AD)e (11)
and 3
A = -\, o =0. 12)
on |,

Thus, for the spatial domain Q the solutions of problem have the form
0 —
Alr,t) =) Pn(r)exp(Ant) W,  ((r,1) € Q xRY)
n=0

(ct. [7]), where for n € Ny
A=A — A, D, N, = J vo (r) Py (r) dr
Q

and A, is the n-th eigenvalue of the minus Laplacian on Q subject to homogeneous Neumann boundary conditions
i.e. the solution of (I2), resp. Py is the corresponding normalized eigenfunction, i.e. {n solves (12). It is well
known (cf. [6]) that

O0=AM <A <A< . <A — + (n — o)

and the eigenfunctions to different eigenvalues are orthogonal to each other.

According to [1], [2] the equilibrium u of (3] is asymptotically stable if for all n € Ny the matrix 2, is Hurwitz
stable, i.e. all eigenvalues of 2(,, have negative real part; furthermore u is unstable if for some index n € Ny there

exists an eigenvalue of 2, with positive real part. The characteristic polynomial of the matrix 2(,, has the form

Ay, (z) :== 2 g2+ ﬁnz —Dn (ze C) (13)



where

arj; — dss a as
Dy = det(A,) = det ar a — dee a3
asg asz az; —dn

and
Tn =Tr(An) =Tr(A) = A Tr(D) = an + axp + a3z — Ay (dss + dee + dir)

resp. 2y, is the sum of 2-by-2 determinants obtained from the matrix 2, after omitting the rows and columns with

the same index:

az — dee az;3
)
as2 asz; —du

~ arp —dss an arp —dss as

Ay, = det

+ det + det

as; az — dgg as; an — di

ie. §ln is the sum of all 2 x 2 principal minors of 2l;,. The Routh-Hurwitz condition states that 2(,, is Hurwitz stable

if and only if for all n € Nj

hold. In order to show diffusion driven or Turing instability one need to check that the given equilibrium is (locally)
asymptotically stable steady state of the kinetic system (2)) and it is unstable with respect to (3], i.e. one of the
conditions in (T4)) is violated. The stability with respect to the kinetic system (2)) ensures that Tr(2() < 0 holds, which
has the consequence that T, < 0, i.e. reduces to

This means that we have diffusion driven instability if for some n € N

holds. In case of

e u = ¢, the characteristic polynomial (I3) has the form

AP (2) =2+ A®Z2 +B®z+ C®  (ze () (16)
where
A% = a4 B 48 + 01+ s + k + (dss + deg + di) - An + U,
B® = — (—dssAn — 065 — ) - (—a+ B + deeAn + dipAn + 6 + 61 + k)

+ (—degAn — 88) - (@ — B — dijAn — 81 — k),

C% = (dggAn +6g) - (dsshn + 05 + 1) - (—a+ B + diAn + 01 + ).

e u = &, the characteristic polynomial (T3] has the form

Agi(z) = 2% 4+ A% 22 4 Bz 4 CC (zeC) 17



where
Afe = a— B —01+8s—k+ (dss + deg + dip) A + U,

(—a+pB+8r+ ) (ap — (B + 8 +k)?)

B¢ = —
o2

—(—=0p — deeAn)(a— B — 01 + 85 — Kk + dssAn + duAn + )

a?+ a(—2(B + 8+ ) + s +¢)+(r5+61+K)2>

— <d55)\n +
a

‘<(B+61+K)(§+B+5I+K) —dn?\n>,

ce — (dEEAn+6E)-{<dH>\n—(‘3*51*")(_”6”1“))

a

aZ +a(—=2(B + &1+ k) + ds +1p)+([3+61+|<)2>

. <d53)\n + a

(—a+ B + o1 + k)2 (aB—(B—i—éH—K)Z)}
_ N ,

In order to examine the real part of the zeros of the characteristic polynomial (I3) we are going to use the well-known

Cardano formula on the cubic polynomial

p(z) = 2+ w22 + a1z + ag (z e C). (18)

Lemma (Cardano). The zeros of be calculated as follows:

a a u+v 1\/§
== tutv, H=—2- =

: 2 ), BT,

where

. 3a1—a 9aja; —2a3 —27a
w= b VB, v e w0, Sam ol

Furthermore, calculating the discriminant

A= o+ p?
one concludes by means of the sign of A that
e if A > 0 then p has one real root: &; and two complex conjugate roots: &7, &y = Er2
e if A = 0 then p has only real roots and &; = &3;

e if A < 0 then p has three unequal real roots: &1, &;, &3.

Thus, in case of



e u = ¢, direct calculation shows that

3 2
A = Biple (3a19—a5> +<9a1a2—§f‘1§—27u0>

1
= g7+ B —deeAn +dudn —Op + 81 + K)? - (dssAn — diAn — 8 + 85 +)?

(a— B + dssAn — d3A, — &1 + 85 — K +P)? < 0.

Hence the roots of (13)) are

& = —dggA — O <0,
& = —dssAn —0s—1VP <0,
& = a—P—dpr =8 —k=(a—B =5 —«)—diAn.

Thus, in case of

1. Ro < 1,i.e. when
a—PB—-04—k<0
holds, then the polynomial in (13) is stable, which means that the boundary equilibrium of the kinetic
system (2) remains stable with respect to (3)), i.e. no diffusion driven instability occurs.
2. Ro > 1,i.e. when
a—RB—-086—k>0 (19)
holds, then the polynomial in (T3)) is unstable, which means the originally unstable boundary equilibrium

of the kinetic system may or may not be stable, it is stable if and only if

a— (B + 01+ «) - a—(B+ 01+ «)

dip >
11 )\1 )\n

(meN) (20)

holds, i.e. the diffusion coefficient of the infecteds crosses a critical value. This is the case of the well
known phenomenon when diffusion causes stability. This reflects the fact that if the individuals in the

infected compartment are moving toward each other then the uninfected equilibrium stabilizes.

e u = ¢, direct calculation shows that

AY (z) = (z+ deehn + 8¢) - {<Z+ A, — (B+or+k)(—a+PB+8+ K))

a

'(Z+dss7\ n aera(2([3+51+K)+65+¢)+(B+5I+K)2>

a

(—a+B+381+«)(ap—(B+ 8 +«)?)

_ p } =: (z+ dggAn + 0) - P(z)

and the stability of (I3]) depends only on the stability of the quadratic polynomial P for which

Asg, (z) = (z+ dggAn + Og) - P(2),



resp.
(B+o81+K)(—a+ P+ 06 +k)
a

'<Z+dss7\ L @ al=2(B + 8+ k) +8s +¢)+(ﬁ+51+|<)2>
" a

(—a+ B+ +«)? (aB — (B+ 8 +«)?)
2
a
= 22 +z(a— B — 8 — K+ 85+ diAn + dssAn + )

+% (((—a+ B+ 51+ K)* (aﬁ —(B+or+ K)z)

+ (7“3 + 861+ k)2+alf+o+«k+ dn7\n))
(@ + (2B + 81+ K) + 85+ + dssha) + (B + 81+ K)2) )

P(Z) = (Z + d1[7\n —

hold. Due to the condition (T9) the coefficient of the linear term is clearly positive:
a—P—80—k+d& +diuAn +¥ >0,
therefore we have only to show that the constant term

C = % (((—a+B+8+K)* (aB—(B+81+K12) + (=(B+8+ K2+ alB+8 + K+ dudn))
: ((12 +a(=2(B + 81+ k) + s+ + dssAn) + (B + &1 + K)Z)) .

is also positive. Using the notations

A=—a+p+01+k<0 and B:=f+06+k>0

we get
C = lz (—Az(aﬁ — B3+ (—BZ + a(din + B)) - (AZ + abs + adyin + mp))
- jz (—Az(aB —B2) 4 A? (a(dHAn +B)— BZ)
+ (—BZ + a(dpin + B)) - (abds + adyAn + alb)) >0
Because
ads +adpAn+ap >0  and —B?2+aldgdn+B) >0 and  af—B? < a(dyi.+B)—B?

we have proven the following

Theorem. If the endemic equilibrium &, exists, i.e. condition (T9) holds then the €. as equilibrium of
system (3) remains stable.

This means that diffusion can’t cause in this case instability.

In order to have diffusion driven instability we assume that cross-diffusion is present, as well, i.e. the matrix D in (3]

has the form

dss dsg O
D := dES dEE 0 . (21)
dis die di



In order to have Hopf bifurcation one has to show that a pair of complex conjugate roots of the corresponding

characteristic polnomial
n(h) £wv(h)

crosses the imaginary axis with non-zero velocity, that is for a h, > 0
u(hs) =0, v(h.) #0 and w(h.) #0

hold. This is fulfilled (cf. [8]]) if exists n € Ny and h,, > 0 such that

To(h) #£0,  An(h*) <0,  Dn(h*) = Tn(h*) - An(h*) (22)

and
S am o) #o (23)

For the bifurcation parameter we choose h := dsg. Using the notations
A= —a+p+061+k <0, B:=pB+d1+k >0, K:= (a—B+0g—81+0s—k+(dss+dee +di)A+p) >0
and by solving the third equation in (22) for dsg, we get dg; = Z/W where

Z = (aB —B?)(6¢ + deAn)(—A% — adisAn) + a?dekAn - K — (af — B?)(—A% — adisAn) - K
— (8 + degAn) (—B? + a(B + diAn) (A% + a(dssAn + 85 + 1))
+a(8g 4 degMn) - K(AZ2 4 a(dssAn + 8s + 1)) + (—B? + a(B + diin))
K- (AT + aldsshn + 85 + ) + adiehn (@B — B?)(deshn — ¥) — k(A + a(dssAn + 85 + 1)) ),

<K<(—a+f5+f>1+|<)2

W = a*\, — disAn

a
(B+061+k)(—a+ P+ 8+ «)
a

(4 — desh) ( - dnxn) T+ deshn) - K).

Clearly %, (dgg) # 0. By examining W, Z, we can see that for d3; to be positive, the following conditions are

sufficient:
W >0, ap — B, adeAnk < a(8g + degAn) - K, desAn — P < 0. (24)

If d; is positive, then the positivity of B%e is guaranteed if additionally

BA A?
T - d[[)\n <0 and ? — dIS)\n >0 (25)

are fulfilled. Lastly, we need the derivative to not disappear:

A? BA
a

' disAn # ( — — dn> (—desAn + ) + (desAn — ) - K. (26)

If conditions (24) - hold, then the transversality conditions are fulfilled, therefore Turing-Hopf bifurcation

takes place when the parameter dsg crosses the critical value dg;. An example of parameters that fulfil conditions

CH-@o:



t=0.22

1 L 1 L
-0.4 -0.2 0.0 0.2 0.4

Figure 1: The first component of the solution of system (3]) when (24)) - (26)) hold.
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