
Statistical Learning: Distribution-free Prediction and
Confidence Intervals

for Linear Regression Problems

Babolcsay, Barbara
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Problem Setting

Consider a linear regression system:

ϕT
1 θ

∗ + N1 = Y1

ϕT
2 θ

∗ + N2 = Y2

...

ϕT
n θ

∗ + Nn = Yn

 ΦT θ∗ + N = Y

The Least-Squares Estimate (LSE) of θ∗:

θ̂n = (ΦT
n Φn)

−1ΦT
n Y

The question: how to build non-asymptotic distribution-free
confidence regions around the point estimate?
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Exact Confidence Regions

θ̂ was the root of the normal equation:

0 =
n∑

t=1

ϕt(Yt − ϕT
t θ) =

n∑
t=1

ϕtϕ
T
t (θ

∗ − θ) +
n∑

t=1

ϕtNt = H0(θ)

Idea of SPS method [2]: perturb the signs of the prediction errors:

Hi (θ) =
n∑

t=1

αi ,tϕtϕ
T
t (θ

∗ − θ) +
n∑

t=1

αi ,tϕtNt

If θ is ”close” to θ∗, the original errors ”size” is around the the
perturbed ones - otherwise, it dominates among them (if we make
m − 1 perturbations and the error size is at most the (m − q)th
smallest then θ ∈ Θ̂ wich is the confidence region with p = 1− m

q ).
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Outer Approximation

To get regions that are easier to calculate: ellipsoidal outer
approximation

It leads to m − 1 convex minimization problem and the qth largest
optimum gives the proper radius of the ellipsoid.

[2]
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From the Parameter Space to the Function Space

What we have: confidence ellipsoids in the parameter space (Rd),
what we want: confidence bands in the function space (R)
This is a convex max/min problem on an ellipsoid that has an
analytic solution which can be found e.g. using Lagrangian relaxation

Figure: Example of a max/min problem in the parameter space, d=2

7 / 13



Results in the Function Space

Figure: Polynomial regressors, n=30, d=7, p=0.8
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Results in the Function Space

Figure: Gaussian regressors, n=30, d=7, p=0.8
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What else can we use SPS method for?

Block SPS [2]

Modify to Regularized Linear Regression [1]

Define the uncertainty for models given by kernel methods[3]
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