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I. HIDDEN MARKOV MODELS Algorithm 1: Expectation-Maximization (EM)

A Hidden Markov Model (HMM) could be viewed as a noisy observation of a Markov chain. This model emerged

in the 1960s, and now it has important applications in signal processing, control theory, speech recognition and sequential algorlthm

bioinformati E, E In the HMM framework, there is a hidden Markov process that influences the observations, but we n

cannot observe it directly. Usually, the inference for this hidden process is the task to solve, where the hidden process is our Input : Observation sequence ri.1,
real process of interest, such as a sequence of words in speech recognition or specific DNA regions in the DNA sequence. . 0

An HMM has a transition model and an observation model. The transition model controls the hidden process, at each time initial parameters 0

step, we stochastically move to the next hidden state. The observation model tells us how the observations are generated N

from a hidden state. Each hidden state has a data generating distribution, these distributions came from a parametric family, Output: Parameters 0

such as Gaussians or Categorical distributions. The parametric family should be sclected in advance, based on a priori . .

knowledge or empirical data distribution. Until condition:

The transition model is a Markov chain, which could be viewed as a directed graph. The structure of the graph could .
be chosen according to domain expert knowledge. Building these expert thoughts correctly into the model makes it more « E step: Compute Q (9, 9”—1) or the CXpCCth sufficient
reasonable, more robust, and less prone to error. ..

The next step would be to chose a parametric family for duration distributions by the experts, and building these statistics (for parameter update)

information into the model.
o M step:
A. Structure 0" = argmax Q(0; 6™ )
0

In my thesis, I deal with discrete-time, finite-state Hidden Markov Models. The theorems and proofs are designed for
the categorical observation model, but the ideas apply for any other observation model.

Definition 1. (Discrete-time Hidden Markov Model)
Let Zy and Xy discrete-time stochastic processes with t > 1. The pair (Zy, X¢) is a Hidden Markov Model

if:
1) Zy is a Markov process (that cannot be observed directly)
2) P(Xy € B|Zs =255>1,Xg=xgs#t)=P(Xy € B|Zt = 2¢4)
Statement 1. EM increases the observed data log likelihood
We call an HMM finite-state if there is only finitely many values that Zy could take. We can assume, that Z; € For the (8™ parameter series from the EM algorithm:
{1,..., M} where 1, ..., M are the possible hidden states. We also assume, that the HMM is time-homogeneous
(p(z¢ = jlzg—1 = i) and p(w¢|z¢ = @) are independent of #).
So an HMM is a hidden process, a discrete z; € {1,..., N} Markov chain in discrete time (t € 16"ty > 1™
{1,...,T}), and an observation model p(x¢|z¢). The joint distribution has the form =
T T
p(z1.r,21.1) = p(21) [ p(elze—1) [] p(elze) Proof. Denote X = @1,p., Z = z1,7. Denote the distribution ¢" (Z) = p(Z|X, 6™). Let D denote the
=2 t—=1 information divergence, and H the entropy function.
The initial distribution 70; = p(z1 = ) is a probability distribution on {1, ..., N'}.
The transition model A;; = p(z¢ = j|z¢_1 = i) is independent of the time ¢ (time-homogencous). A is

an N X N matrix, also called the transition matrix.

The observation model could rep: 1(0) = log p(X[0) = log p(X, Z[6) — logp(Z|X, )

nt discrete or continuous distributions. In the discrete case the observation model is

amatrix of B, where B;; = p(x¢ = l|z¢ = i) forthel = 1,..., L categoriesand forthe 4 = 1, ..., N = Z 4" (Z)log p(X, Z|0) — Z q"(Z)logp(Z|X, 0)
hidden states. In the continuous case there is usually a parametric family, such as Gaussians: p(x¢|z¢y = i) = Z Z
N (z¢|pmg, 3;), where the conditional distribution has the parameters f; and 3. (z| )

In the next chapters, we will consider HMMs with categorical observation model (x7,...,zp € =Q(6;0™) — Z q"(2) log [p 2 " (2)]
{1,..., L}). The HMM has parameters 6 = (7, A, B). Z q™ (2Z)

The most basic inference tasks are filtering, smoothing, and MAP estimation. n n n

In filtering we want to compute (online) the cvg (¢) = p(z¢ = i|aq.4) belief state which could be done by the =Q(6;0") + D(q " (2)|Ip(2]X,0)) + H(q" (Z))
forward algorithm. The forward algorithm is a forward DP algorithm.

In smoothing we want to compute (offline) the v4(i) = p(z¢ = i|xq.) given all the data and
this could be done by the forward algorithm and the backward algorithm. In the backward algorithm we compute This is true for every 6. Now setting @ = 6™:

Bt(3) = p(z¢ 1,712t = 3). The backward algorithm is a backward DP, and then v (5) o< a (5) B¢ (5)
could be get.
In learning, besides filtering and smoothing, computing the two-slice marginals 5t,t+ 1 (i, 3)

p(2¢ = i,2441 = Jjlzq,p) is also essential This could be done as & 41 (4,5) o< n n.an n n n
o4 (1) Ay B 41 (3)P(wp1 |21 = ) from the already computed o, 3 values. ' WOT) =Q(07567) + D(a (H)Ip(Z]X, 67)) + H(a™(2))
The MAP (maximum a posteriori) estimation is the computation of =Q(0";6™) + H(¢"(2))
arg max p(z1,7|21.7)
21:T . - .
By differentiating the two equations, we have:
This could be done with an offline, forward DP also known as Viterbi decoding.
II. EM LEARNING 10) = 1(O™) = Q(6:0™) — QO™56™) + D(¢"(2)|Ip(ZIX, 0))

Learning in HMM means we want to learn the starting probabilities p (21 ), the transition probabilities p(z¢ |z 1) n n .n
and the parameters of the observation model. >Q(8;07) —Q(87;67)
Because of the usually unobservable hidden process, we cannot maximize directly the likelihood function, therefore
an iterative approach called Expectation-Maximization is applied.

Selecting
A. EM learning in general 0"+ — argmax Q(0, 6™)
The idea of EM is the following. We usually want to maximize the log likelihood of the observed data: 0
1(0) = logp(zq,710) = log [ p(zy.7,21.710)]
: ng : : shows that 1(6T1) > 1(o™). w}
This is hard to optimize, therefore instead we maximize the complete data log likelihood:
1c(0) = logp(zq,7, 21.710) One of the best practices is to use multiple randomized initializations of the EM algorithm and select the best parameters.
In some cases (e.g. with HMM) both the E-step and M-step have an analytical solution. This could be also true with
This cannot be computed, since z¢ are unknown. Define the expected plete data log likelihood as the following: different ints: e.g. with tying, re- ization
0:6" 1) = B[lc(0)|zy.p, 0" ] = E _1[le(®] = E 1 [le(o
Q( ) [te(®)|z1.7 ] Z1iplTyg, 0™ 1 [Le(®)] 21 ~p(2qa @y, 6 1>[c( )]
Here, the z4 are replaced with their expected value conditioned on the data and the previous parameter set. B. EM learnlng f()}” HMMS - Baum'Welch algorllhm
The idea of the EM is that since we do not know the actual values of z, starting from an initial guess of parameters, . 3 X . o L
we can iteratively estimate z4 with probabilities from the parameters (and data), then estimate the parameters using the o Applying the EM algorithm for learning HMM parameters, the complete data log likelihood is simply the log of the
z4 estimates. Joint:

The condition is usually on the amount of gain in the @ function or the number of iterations.
The EM algorithm in general finds a local optimum (with certain assumptions) by increasing the observed data T T
log-likelihood at every EM step. (], le(0) =logp(2110) + > logp(z¢lz4—1,0) + »_ logp(xilzt, 0)
t=2 t=1



The auxiliary Q (6; 6™ ) function has the following form:
Q8:6™) = B, p(z]a,0m) Lc(®)]

=Bz ~p(zylz0m)losp(z110)]+
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The E step involves the computation of the expected sufficient statistics:

o 7' (4) = p(z¢ = ilzy,, 0™)

o &' (6, 3) =p(zp—1 =i,z = jleg., 07)
Conditioning on 8" means computing the ~ and & values on the HMM with parameters 8" . As we already see, the ~
and & values could be computed with dynamic programming algorithms.

The M step involves constrained optimization: we want to optimize in 7, A, B, but we must ensure that:

o s a probability distribution on {1, ..., M}

e Vi Aj . is a probability distribution on {1,..., M}

e Vi Bj . is a probability distribution on {1, ..., L}

We could optimize separately in 7, A, foré = 1,..., M,and By , fori =1,..., M.

Statement 2. (M step optimization as divergence minimization)
Leta; > Ofori = 1,..., M. The probability distribution p on {1, ..., M}, that maximizes

M
> logp; - a;
i=1

upi:ai/a,ifazzi]\ilai > 0.

Proof. 1f a; = O V4, then any p maximizes the term. Note, that the following proof returns correctly that a; =
0 = p; =0.

Define the probability distribution & with a; = %i.
M M
arg max »_ logp; - a; = argmax »_ logp; « a;
Pooi=1 Pooi=1

M M
=argmax »_ a;logp; — > a;loga,
Pooi=1 i=1

= arg max —D(al|p)
P

We have — D (a||p) < O and equality if and only if p = a. [m]
For the ™1 updated parameters:

M
arg max > log mivy (k) = 7"
=1

T M
1 o
A?,?F =argmax »_ Y log Aj;€p 1 4 (i, J)
Aj: f=25=1
M T
= arg max log Aij( Z 5?—1,t(i'j))
=1 t=2

i,

antl

M

L n
e (tgz St_lvt(i’j))jzl,.

T L
B;Ljrl =argmax 3 > log Byl(zy = D)y (4)
Bi. t{=1]=1

L T
= arg max Z log By ( Z I(xy = 1)~y{ (4))
t=1

Bi,: 1=1
T
o (3 e =DAF @), _
i=1,...,L
t=1
The results are quite intuitive:
. _”;1+1 o 1 ()™

n+41 T n P
o A X Xi=2 61 ¢(6 )
o BITL T AP (e = 1)
These are all expected counts on the corresponding events. The EM learning in the HMM framework is called the

Baum-Welch algorithm.

Statement 3. (Zero persistency in EM)
If we initialize the EM algorithm with such 60’ that has A?j = 0, then:

vn;A?j=o

Proof. It is enough to show that A%]- = 0.
From the computation of &, we know that if A?j = 0, then 5871 t(i, j)=0fort=2,...,T.
But A%j >, 5?,1,t(z‘, 4) = 0, which shows that A%J —o.

C. Complexity of the Baum-Welch algorithm

One iteration of the Baum-Welch algorithm involves an E-step and an M-step computation for the HMM. Now assume,
that E is the edge number of the 6O initialized HMM (E > M — 1).

As we already know, the E-step is the computation of ~ and £ values and that takes O (T M 2) time or O (T E)
time in a sparse graph.

On the time complexity of the M-step: for the update of 7= we need O (M) time. For the update of A, we need to
update at M2 or E places, and each takes O (T') time.

For the B matrix, we have M X L parameters, for each it takes O(T") time to update. But for each I €
{1,..., L} weonly need to sum over T; = {t : x4 = l}: B;; ZtGTL ~¢ (). So for each
i € {1,..., M}, the complexity is EZL=1 |Ty| = T, because T is a partition of the {1, . . ., T'} indicies.

So the full time complextiy of an M-step is O (M + TM2 + TM) = O(TM2) or O(M + TE +
TM) = O(TE).

Therefore one iteration of the Baum-Welch takes O (7'M 2) time or O(T E) time. As we already see, E does
not increase with the Baum-Welch algorithm. So the initial number of edges E strongly affects the time complexity of the
Baum-Welch.

ITI. GRAPH REPRESENTATION OF DISTRIBUTIONS

The notation p (v |w) for w, v (hidden) states is only the short form of the time independent p(z¢ = v|zy_1 =
w).

One main setback of HMMs is that in general, each hidden state 7 has a duration T ~
Geo(p;). The geometric distribution corresponds to the most simple graph: vertices are {7, vy, s}, edges are
{(r,v1), (v1,v71), (vy,s)} with p(vy|r) = 1, p(vy|vy) = p and also p(s|vy) = 1 — p.
The first arrival to the vertex s (starting from 7 at index 0) signs the transition to another state. One could extend the
graph with p(s|s) = 1 to ensure a stochastic transition matrix and therefore a Markov chain (but this does not alter the
computation). So given this graph, the probability that the first arrival to s is at step d + 1 is

P(nf{k:z, =s} =d+1) = (1 — p)p?~ 1 = Geo(p)(d)

for the (@) g, Markov chain starting from g = 7. The duration d > 1, which refers to the same logic as in graphical
models, if we step into a state, we must spend 1 time-unit there (in discrete time).
The generalization of the previous idea (representing duration distributions with graphs) is possible.

A. Representation graphs

Formalizing the occurred concepts:

Definition 2. (Duration distribution)
Let X : Q — N+ be random variable. Then T' = p x, the distribution of X is a duration distribution.

Examples for duration distributions: geometric distribution, categorical distribution on {1, ..., D}, negative
binomial distribution. A mixture of duration distributions is also a duration distribution. The Poisson distribution is not
a duration distribution, but if we truncate it to [1, co) and normalize it (to integrate to 1), we get a duration distribution
(call it Poisson duration distribution).

Definition 3. (Parametric family of duration distributions)
Let © be a parameter space. If for every 6 € ©: X(0) : Q — Ny, then {T(0) : 0 € O} =
{rx ) : 6 € ©} is a parametric family of duration distributions.

Examples for parametric family of duration distributions: geometric distributions with parameter p, categorical
distributions on {1, . . ., D} with parameters pq, . . ., P P negative binomial distributions with parameters N, p,
negative binomial distributions of fixed order N with parameter p, Poisson duration distributions with parameter .

One could think of learning the probabilities of self-transitions in the HMM framework as, given the family of
geometric distributions, we should learn p. That is, similar to the observation model, a family is given. So, if the duration
comes from a geometric family, it is fine. But what if we know that the duration comes from another family? Such as
Cat({1,...,D})?

It will be shown that some duration distribution families could be represented as graphs, and in the next chapter, it
would be introduced that one could "merge" these graphs to form a "two-layer" HMM with state durations from the desired
family. There are many possible representations, therefore we should measure the "efficiency” of the representation.

Definition 4. (Representation graph)
A G(n) Markov chain is a representation graph if we have v, s nodes that:
1) T is the starting node with probability 1
2) G(m) stays in v only at index 0
3) s is the ending node with probability 1

For a representation graph the following properties hold:

1) r,v1,...,vn, s are the nodes

2) r is the starting node with probability 1

3) G(nm) stays in 7 only at index 0

4) s is the ending node with probability 1 (P (inf{k : zj, = s} < oo0) = 1)

5) p(rlr) = 0.p(s|r) = 0.p(s]s) = 1

6) Vi:p(rlv;) =0

7 3i:p(s|lvy) >0

8) E(G) = Ef;,,(G)UE, ., (G), where the probabilites in E iy are fixed Os or 1s, and the

probabilities in Eprob are fully controlled by 7

The indexing starts from 0 for a G (7)) sample and the number of steps taken in G (7)) (or the duration) for a sample
is d, if the first arrival to s is at d + 1.

Denote the distribution of duration from G (77) generated samples with T'[G (n)].

If we denote two representation graphs with G (177 ) and G/(72) it means that they have the same structure, only
the probabilities on the non-fixed edges could differ.

Formally, if X, X1, ... is the Markov chain G (n) with X = r, then:

TIGMI(d) = P(int{k: X = s} = d + 1)
=P(Xgy1 =s,Xg #5)

P(X g4 = s first time)

P(Xgq1 =51 = Pg(y (Xaq1 = s 1)

The first example of the geometric distribution is a G (p) representation graph with Efim = {(r,v1)} and
Eprob = {(v1,v1), (v, s)}. As we already observed, T[G(p)] = Geo(p).

Definition 5. (Properties of a representation graph)
Let G(n) be a representation graph. Then:
e e;p = [{i: p(v;|r) # 0} the number of incoming edges
o cout = |{i: p(s|v;) Z O} the number of outgoing edges
o e=[{i,j:p(vjlv;) Z O} the number of inner edges
|V (G)| — 2 the number of nodes
® Vinn = {v1,...,vn} the set of inner nodes
An edge (u, v) is p(v|u) # O in this definition, if (w, v) € E ;4 (G) with probability I or if (u,v) €
Eprob (G).

e n

The geometric distribution representation graph G (p) has the following edge numbers: ein = Lieoyt = 1,
e = 1. The number of nodes is n = 1.

Definition 6. (Graph rep

of duration distribution)



Let T be a duration distribution. Let G (n) be a representation graph. G (n)) represents T if T = T[G(n)].

Definition 7. (Graph representation of duration distribution families)
Let T (0) be a parametric family of duration distributions. Let { G (n) :
graphs based on the same structure.
G represents T'(0) (the family) if

n € H} be a family of representation

V0 35 T(6) = T[G(n)]
v 360 T[G(n)] = T(9)

For example, the family of geometric distributions with parameter p could be represented with the same graph structure
as at the beginning of the chapter, only with different n = p values.

The main question is how other distribution families could be represented with graphs.

Example: consider the representation graph G'(p) with nodes r, vq, vo, v3, s and with the following non-zero
probabilities:

e p(vilr) =

e p(vylvy) =p

® p(vglvy) =1—

e p(vzlvg) =p

e p(vglvg) =1-»p

e p(vzlvg) =p

e p(slvg) =1—-p

It is not hard to see, that G represents the family of negative binomial distributions of fixed order 3. .

Statement 4. (Walk-based description)

Let X, X1,... be the Markov chain of the G(m) representation graph. Let W g +1
{zo, %1, -, 2q11 77‘zd+1fsz1#th<d}denozelhcselofw“%swall.s
with length d —+ 1 (and wuhow s as an inner point). Then:

P(Xgq1 =sf) =

> 11 »(e

wEWd+1 ecw

Proof.  The form of the Markov chain indicates that { X g # s} = {X; # s Vi < d}.

P(Xgq4q =sf) = > P(Xg =g, Xgqy1 = ®gq1)
& T4l
TO=TTG 41 =S
xg#s
d+1

= > I pGjlej—1)
TOo - Td41 =1
wo=r,T g1 =5
wgF#s

> 11 »Ce)

weWg,q e€w

B. Representation of distribution families

The following duration distribution families have a graph representation: geometric family with parameter p, negative
binomial distributions of fixed order N with parameter p, categorical distributions on {1, , D} with parameters
Pl PD-

5. (Ry ion of ic family)
The G eo(p) geometric family could be represented by a G (p) graph with nodes T, v , s and with the following
non-zero probabilitie:
e p(vilr) =1
e p(vilvy)
e p(slvy) =p

1—p

Proof.  We know that Geo(p)(d) = (1 — p)@~1p for d > 1. Using the definition of T'[G (p)]:

T[G(p)](d) = P(inf{k : 2}y = s} = d + 1)
=P(Xg=r X1 =v1,...,Xg =01, X441 =5)
d
=P(Xg=7)P(X; =v1|Xg=7) [[ P(X; =v1|X;_1 =v1)"
=2
CP(Xgqq = s|Xg = 1)
d
=1-pvrlr) - [ p(vilv) - p(slvy)
i=2
1
=1-1-a-p?t p=qa-p?
There is a clear bijection between G'eo(p) instances and G (p) instances; using the same p. o

Statement 6.
The N B p (p) negative binomial family could be represented by a G (p) graph with nodes v, v , . . .
and with the following non-zero probabilities:
o p(vilr) =1

(Representation of negative binomial family of fixed order N)

SUN S

o p(vjlv;))=1—pfori=1,...,N
o p(vilvi_q1)=pfori=2,...,N
e p(slvy) =p

Proof.  We know that N B py (p)(d) = (1‘37:11) (1 - p)d_NpN ford > N.

‘We prove by induction.

For N = 1, this is the geometric distribution and the previous statement.

For N > 1, assume we know the statement for N' — 1. By separating on the first arrival to v py, and using the
induction step:

T[G(p)](d) = P(Xgy1 =sft)

d
=Y P(Xgp1=sf,X; =vy )

=N

d
= > P(X; =vN P(Xgqq =sft| X; = vy f)

i=N

d
= > NByn_1(p)(i — 1)Geo(p)(d — i +1)
N

i=

- igd:N (11_722)(1 =) NN Tl - pydTiy
d i
=@ - pd NN i:ZN (N 722)
(M R0 > (e B e
=1 -pd NN (iill)

There is a clear bijection between N B ny (p) instances and G'(p) instances; using the same p.

Statement 7. (Representation of categorical distributions on {1, ..., D})
The Cat({1, , DY) categorical family with parameters py, . ..,pp could be represented by a
G(p1, ..., ppD) graph with nodes 7, vy , . . ., v, s and with the following non-zero probabilities:
o p(vilm) =1
e p(vglvi) =pPpyo_glord=2,.
o p(vglvg_1)=1ford=3,...,D
.
.

p(slvp) =1
p(s|vy) = p1

Proof.  We know that the C'at({1, , D}) distribution has p1 , . - -
and pg > 0. Cat({1, , D})(d) = pg simply.
We will use the walk-based description: P(X g4 1 = s ft) = ZwGWd 1 [Mecw ple)-
Ford = 1: Wo = {(7, v1, s)}, therefore P(Xg = s ft) = p(vy|r)p(s|vy) = p1.
For2 <d<D:Wgyq= {(r,vy, Vp42—ds VD s)}, therefore

, P parameters with ZdDzl pg =1

D—1
P(Xg41 =sf) =p(vilr)  p(vpia_glvi) - 11T p(vjt1lvy) - p(slvp)
j=D+2—d
=Pp42—(D+2—d) = Pd
Ford > D: Wy, 1 = 0. therefore P(X g4 = sft) = 0. (m]
In the next chapter, we will see two more graph representations for Cat{1, ..., D}.

It is not hard to see that the mixture distributions could be represented if all the individuals could be represented.

8. (R of mixture distributions)

Let the {T;(6;) : 6; € ©;} family represented by a G;(n;) graph for i = 1, 2. Then the family
{pT1(61) + (1 — p)T2(92> p € [o 1,07 € ©1, 05 € ©o) could be represented by a graph
G(p,n1, n2) with nodes v, Vi (Gl) inn (G2), s and with the following non-zero probabilities:

o pvlir)=p- pcl(el)(v |7) fnrv} c Vi,L,L(Gl)

o DI = (1= 0) PGy () WEIP) for vF € Vipn(G2)

o p(u‘\v,%),pmv})mmG1<61>

o p<v§\v%),p<s|v%)asin02<62)

Proof. 1t is enough to prove that
T[G(p,m1,n2)] = pT[G1(n1)] + (1 = p)T[G2(n2)]

Denote PG(PW] n2) with P for brevity.

T[G(p,n1,m2)] = P(Xg4q = sf0)
=P(Xgy1 =sfX1 € Vipn(G1))P(X1 € Vipn(G1))+
+ P(Xgq1 = sft|X1 € Vipn(G2)P(X1 € Vipn(G2))

=PPG(n) Xd+1 =50 + (1 = P)Pg,(n) (Xat1 = 510
PT[G1(n1)] + (1 — p)T[G2(n2)]

Although, not every distribution family and not every distribution could be represented.

9. y of light-tailed distributions)
Let T a duration distribution with infinite support and with the following property:
T(d)
lim sup =0 Ya>0

d—oo ad
Then there is no finite graph that could represent the distribution T'.

Proof.  Assume that G'(n) represents 1.

If G(m) has no positive circle, then it could only represent a finite-support distribution. (Because in this case, the
nodes form a DAG, so a topological order exists, and the maximum length of an rs walk is n(G(n)) + 1.)

Let d large enough (dg > n(G(n)) + 1), and consider the walk-based description:

T(dg) = P(Xgg11 =sf) = > II »te
u;EWdOJrl ecw

Selecta w € WdO +1 positive walk; there must be at least one circle in this walk (otherwise it would not have
length d(y). Select a circle from the walk, and name it C'. Denote the walk before C' with w( and the walk after C'
with w1y .



Sow = wgCwy, and let ¢ = |C| be the length of C (i.e. the number of edges). Use the notation p,y =

[Tecw p(e) for any walk w, then we have:

T(do) = [ »le)

ecw
= II »C) II »e) TI n(e)
ecwq eeC eCwy

= PwoPCcPwy >0

Define the following series:
dj =dg+ecj, 5 =0,1,...

Then for j > 0; the walk wl = wq C’j+1w1 is a positive, d j-length walk, so:

j+1
T(dj) 2> puwgpis 'pw, > 0
Let o < pl/c< then:

C

d) T(d;)
> lim sup 7
Jj—oo

lim sup
d—oo «

o
— T(dj)
= lim sup ———
j—oo adotes

1
pwop‘é+ Pwy
ad0aci
P pcP P j
= PwoPCPwy ( C)-7
ado j—oo \ qc

> lim
]—>00

So the light-tailed property is violated, therefore no such G (1) representation graph exists. [

10. (N g of Poisson duration distributions)
Let T be one member of the Poisson duration distribution family.
Then there is no finite graph that could represent the distribution T.
A4 PP - . .
Proof. We have T'(d) = C qr S0 T has infinite-support and T is light-tailed, therefore the previous statement
applies. : o

IV. GRAPHICAL-DURATION HIDDEN MARKOV MODEL

The GD-HMM is a simple HMM with parameter tyings and reparameterization. The model builds up from a simple
HMM structure and replaces the "nodes" with the desired graph, that represents the duration family.

Consider the (7, A, 6,) HMM model with M hidden states, where 7 is the initial distribution, A is the transition
matrix and €4 is the observation parameter matrix. For simplicity, we assume that A;; = O for all 4.

Let {T;(6;)} a parametric family of duration distributions, represented with the { G ; (n;)} family.

For the graph G';, use the following notations:

e D; = "(Gi) the number of (inner) nodes

e r; = r(G;) starting node

e s; = s(G;) ending node

e {i1,--vip;} = Vipn(Gy)

o el = e;n(G;) the number of incoming edges

. e})ut = eyt (Gj4) the number of outgoing edges
o e’ = e(G;) the number of inner edges

The G (n;) graph is still a Markov chain on nodes r;, iy, . . .

; Wwith transition probabilities
pGi('rli)(U‘u) for w, v (hidden) states.

Definition 8. (GD-HMM)

Let (7, A, 90) be an HMM model with M hidden states, and T; is a duration distribution, represented with
Gi(n;) Vi=1, , M.

The GD-HMM is a (7r A, 65) HMM model.

Fori=1,...,M:
® hidden states: ig € Vipp (Gg)ford=1,...,D;
o transition probabilities
- A(ig, i) = pG,i(ni)(i'l‘ik)f"’ k,l=1,...,D;

- Ay, g = pci(ni)(si\ik)Aiijj(nj)(jl\rj)j{)rk: =1,...,D; forl =
1, Dy forj #i

o initial distribution’ 7 (i1) = w(4), 7 (i) = 0fork = 2, ..., D

© observation model parameters 8¢ (i},) = 0o (i) for k =1, ...

The parameters of the GD-HMM are (70, A, 06, (01, - - -, mpr))-

If we want to build a GD-HMM from an HMM with A;; > 0, then in the computation of A('Lk , 41 )» we should

A
work with T—4,; instead of A ;

Statement 11. (The GD-HMM is an HMM)

ST A(ig,v) =1
v

Proof.
B Dy M Dy
S Alig,v) = Alig, i) + A(ig, dp)
v =1 j=11=1
JF#i
D; M Dj Ay
=> PG, (n;) Clin) + Z > sz‘(’h‘,)(sihk)ﬁpcj(ﬂj)(“‘rj)
=1 j=11=1 i
J#i
M g 2
=1-pgG,(n;)Eilin) T g, (n;) silin) Z T > ch(n].)(u\"j)
j=1 it =1
J#i
=1
[m]
The GD-HMM has two layers of ion: a 1 level with @ g, which forms a Markov chain,

and a higher-level representation with 4 <+ {i1, ..., iD'i }. which corresponds to the original hidden states.

The number of (non-zero) edges in a GD-HMM is:

M
E = Ze + Z Z eoute”] I(A;; > 0)

i=1
J#l

The number of (non-zero) edges in a dense GD-HMM (when the original HMM is complete) is:

M M M )

B Yt S S b,
i=1 i=15=1
J#i

The number of nodes is V' = ZM
V' (initial distribution) + E (real tra
If we assume that all D;

1 D ;. The number of parameters in a GD-HMM could be upper-bounded by
ons) + VL (nhservmon pdmmelers)
= D are equal, and e* = O(D), 61 = O(1) ande wt = O(1), then the
number of nodes is M D and the number of edges is O (M D + M2 ). which results in a sparse graph if D > M.
(HMM is a subclass of the GD-HMM)
Let (7, A, 65) be an HMM with M hidden states. Let T; = Geo(l — p;),and Vi = 1,..., M
consider the representation graph G ; (p;) with nodes r; , i1, s; and the following non-zero probabili
e p(ig|ry) =1
e p(itlin) =p;
o p(silin) =1-p;
The resulting GD-HMM is a (7, A, 6,) HMM model on the {1,

, M} nodes with:

Ao {Q=p)A /- Ay TG A£
K Pi ifj =i

This gives back the original HMM if p; = A;; Vi.

V. LEARNING THE PARAMETERS OF GD-HMM

In the previous section, a new HMM variant was presented, but because of its special properties, we must go through
the Baum-Welch algorithm to see what steps need to be modified.
Assume that the initialization lS correct, i.e. we construct the 60 GD-HMM from a (rro A0 BO) HMM wnh

A?,L = 0 and from the G; (n ) graphs as in the definition. The initialized GD-HMM has E = Zf\il et +
=M, Ej;l. et ,gnu(Aij > 0) edges. We already see, that E does not increase during the EM.

J#i
As the model is still an HMM, the E-step (forwards-backwards algorithm) including every related could

be done as before: o, B, 7, €. The time complexity is O (T E) as we already see. Also, the Viterbi decoding could be
done as before as well.

However, the M-step must be changed, because, from the definition of GD-HMM: no individual update on A ;
probabilities allowed. Here, the reformulation of EM (Baum-Welch) algorithm is presented:
The auxiliary function Q (6; 0™) for a simple HMM on {1,

, M} nodes has the following form:

M
Q8;0™) = > logmivy (4) +
i=1 t

M=
ﬁM:

M
Z log Agj€;" 1 ¢ (i, )+
24 j=1

M*ﬂ
M:

L
Z log By l(zy = 1) (4)
t:l'z =1

The GD-HMM has nodes {i, : k € {1, , D}, i€ {1, » M1}

M Dy T M Di M Dj .
Q8:0™) = 37 Z log 74, 71" (ig) + Z Z Z Z Z 2 Ay, g €0—1,e (ks 3+
i=1k=1 t=24i=1k=1j=11=1
T M D L ~
+2X X Z Z g By ql(xe = D (ig)
t=1i=1k=11=1

We need to rewrite the auxiliary function to a function of (7, A, B, (11
R T .
Pi = PG, (n;) 0k 31) = Dimo &4 1,4 (ko 30) Ty = {t
term by term:
Initial distribution:

-, Mz ))- Use the short notations
@y = L}. We rewrite the function

D;

S,

Mz

k=1

M
log 74, 7' (i) = D log (' (i1)
i=1

Transition probabilities:

S

T M Di M Dj B
> > > Z g Ay, g 601,k 31) =
t=2i=1k=1j=11=1
M D; D;
> > logp; (iglig)E(ig, i)+
i=1k=11=1
M D; M Dy
> > log(py(silig)Agjpj(ilry))E(ig, dp) =
i=1k=1j=11=1
I
M D; D;
> { log p; (iglig)EGig, ig) +logPi(Si|ik)( Z E E(ig, Jl))}
i=1k=1Li=1 j=1
J#l
M [ M D; Dj
> [ > IOgAz'j( 5(%77'1))]*
i=1Lj=1 k=11=1
J#i
M D
> [Z log pj (417 (Z Z E(ig» Jz))]
j=1 i=1k
i#]



Emission probabilities:

M Di L ~
> > log By, iz = Dyt (ig) =
t=1i=1k=11=1
M T Dy
S [ osmu((X S e = 0afw)] -
i=1Ll=1 t=1k=1
M [ L Dj
O DORT( ol SRHIUN)]
i=1Li=1 tET) k=1

We see that an analytical update is possible in the M-step, because the Q function could be written as a sum of
>ic1 a; log p; terms, where (p; : @ € I) is a probability distribution and a; > 0 Vi € I.

The time-complexity of the M-step is:

e O(M + M| D) for the initial distribution

e O(TE) for the transition probabilities (Aijv (n1 M)
1) O(TE) for computing §(ig, ;) = Z?:z 5?71,t(ik’jl) values for {(ip, ;)
A?k gy > 0% the others are zeroes
2) O(E) for computing E;wzlz 1 §(ig, gy) coefficients for all (i, s;) exit edges:

L JFL
SM el Ti=1 e, (AY; > 0) < B, because (i, 5y) > O implies that (i, ;)
exit edge, A?J. > 0and (rj, j;) enry edge.
; D;
3) O(FE) for computing Zlel lel &(ig, gp) coefficients for all { (%, 5)
similarly as previous - -

4) O(E) for computing Z,fw 1 ZkD:ll &(ig, gy ) coefficients for all (rj , Jp) entry edges: similarly

. i# ]

as previous .

S5) O(E) for updating p; (iy|ip) and p; (s;|is) parameters for all iy: for each 4. we have e® +
€gq ¢ non-zero edges in G4, 3232 1 et el 4 < E

6) O(E) for updating A ; parameters for all 4, j: 0L, 507

Ay > 0}

I(A;; >0) < E

j=1
JFi,
7) O(E) for updating p j (jy ;) parameters for all j;: 0L, el < B
8 O(B) for assigning every monzero (if,j;)  edge their mew Ay -
pi(si“k)Aijpj (€1} \'r'j) probability and every (ig, 1) edge  their  new

Ajy iy = pi(iglig) probability
e O(T(M + XM, D;)) for the emission probabilities (B“):D
) o(T Zf\il D) for summing up ~y values: ¢ () = >2;7% i (ig)
2) O(T M) forupdating B;; parameters: Z%l Zlel log B;; X¢e ™ Tt () as in simple HMM
(for all i: B, needs | T} | additions)
3) O(T ij\il D) for emission ilities: éi 1 = B
In summary, we have, that the M-step could be done in O (T E) time, such as in the simple Baum-Welch algorithm,
and therefore one EM iteration for GD-HMM takes O (T E) time.

the cor

VI. EFFICIENCY OF REPRESENTATION IN GD-HMM

As we have already seen, the number of (non-zero) edges is the key measure of the time complexity of the
forwards-backwards algorithm (and EM algorithm) in any HMM.
‘We advance the usefulness of the number of edges and define efficiency of representation.

Definition 9. (Representation efficiency of GD-HMM)
Let & = (m, A, 6) is an HMM and let T; be duration distributions represented with Gy graphs. The full
efficiency of representation is the number of edges in the resulting GD-HMM:

B{G;} {Ti},0) = 3 ' + 3 3 eourei,l(Aij > 0)
i=1j=1
e

‘We would like to measure how efficient is the representation of T°; with G';, so we should create a simpler definition
of efficiency, that does not depend on the & HMM. We could examine only the GD-HMMs from HMMs with complete
graphs (Vi # j : Aij > 0).

Definition 10. (Representation efficiency function)
Let 6 be an HMM with complete graph. Let T; be duration distributions represented with G ; graphs. The
efficiency-function of representation is E : Ny — Ny defined by the following:

M M M )
i i
BUG AT, HM) = > e+ 3 3 eyl
i=1 i=1j=1
JF#i
Now we can measure the goodness of representations together. Next, we want to measure the efficiency of individual
representations. The motivation is that each T°; may come from the same family. To succeed next we assume that every
T; is represented with G (7); ), so the inner structure of the graph is the same.
Definition 11.  (Representation efficiency function of graphs)
Let {T(0) : 6 € O} is a paramerric family of duration distributions. Let G is the representation graph of
{T(0)}. The efficiency function of representation is the following:

E(G, {T(0)})(M) = Me(G) + M(M — 1)eoyt(G)e;pn (G)
which is simply the narrowing of the previous definition to the case of G represents all T.

Remember, that the geometric distribution representation graph G (p) has the following edge numbers: ein =1,
eout = 1, e = 1. Therefore the efficiency-function is E (G (p), Geo(p)) (M) = M+M(M—1) = M2
which is the number of edges in a complete HMM.

From the previous definition, it is clear that we want more efficient representations for duration distribution families;
i.e. representation with fewer edges.

For example consider the family of categorical distributions on {1, ..., D} with parameters p1,...,pp.
Here is the construction of three different graphs G 1, G2, G'3 each of them represents the family, but with different
efficiency.

Let G has D + 2 nodes and has the following non-zero probability transitions:

o p(vglr) =ppyi_gford=1,...,D
o p(vglvg_q)=1fod=2,...,D
e p(slvp) =1

The efficiency is M (D — 1) + M (M — 1) D. This representation comes from Yu & Kobayashi
Let Gg has D + 2 nodes and has the following non-zero probability transitions:

e p(vy|r) =1

o p(vglvi) =ppyo_gford
o pluglvg_q) =1ford =3,
o p(slvp) =1

e p(slvy) = p1

The efficiency is M (2D — 3) + M (M — 1)2. This is more efficient than G'1 as long as M > 2 and
D > 2. This ion was in the of categorical representation.

Let Gghas2+4+1+2+ ...+ D = D(D — 1)/2 + 2 nodes (endowed with double index) and has the

non-zero p

o p(vg1lr) =pgford=1,...,D
o p(vg plvgp_1)=1lfok=2,...dford=1,...,D
o p(slvgg) =1lford=1,...,D

The efficiency is M (D — 1)(D — 2)/2 + M (M — 1)D2A This is the worst among the three.
The following statements tell us, that the second representation is optimal.

Statement 12. (Optimal representation of categorical distributions)
Let {T(0) : 6 € ©} is the family of categorical distributions on {1, . . ., D}, with® = (py, . . .
Let G represents this family. Then

,PD)-

E(G,{T(0)})(M) > M(D — 1) + M(M — 1)
Proof. Reminder for the walk-based description:

P(Xgqq =sf) =

> II »Ce

weWg 1 e€w

Let ppy > 0 and let G(n) represent T'(pq, - - - , p ). Then:

o<pD:PG(n)(xD+1:sn): Z H pr(e)
wGWD+1 ecw

Note: p(e) only depends on 7, because G is fixed. So we have at least one D + l-length w =
(r,xy,...,xp,s) r — s walk with positive probability.

The 7, ..., @ p nodes are all inner nodes.

I claim they are all different. Assume, that 34 < j : x; = :nj,ln this case, C' = x; - - - x ; is a positive circle.
Denote the walk before C' with w, and the walk after C' with wq. Let ¢ = |C| > 1 the length of the circle. Then
Vi > 1:wd = woCIT 1wy is a positive walk with length D + 1 + je. So T[G(n)](D + je) > 0 Vj,
but T(py, ..., pp)(D + jc) = 0. Because G (n) represents T", all nodes have to be different.

We have D different inner nodes: 7, ..., . Using the positive walk w = (r, 7y, ..
einp = liegyt = lande > D — 1. We have:

L, Tp,s):

E(GA{T(O)})(M) = Me(G) + M(M — 1)eoyt(G)ein (G) 2 M(D — 1) + M(M — 1)
m}

Thus, the second representation has efficiency © (M D -+ M2 and the optimal efficiency is also O (M D+ M2 ).
The time complexity of forwards-backwards algorithm (and one iteration of EM) is O (T E) in a sparse graph. Now
E = MD+M? <« (MD)?2. This leads to an O (T (M D+ M2)) complexity using the efficient representation
for categorical family. No better time complexity could be achieved with a different representation and this complexity is

the same as in (2], (6].
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