Numerical modelling of disease propagation
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2020, Yang and Wang proposed the following compartmental model[1]:

ds

i AN-BgSE - pB1SI - pySV - uS

dF

i BeSE + B1SI+ pySV —(a+p)E

dr

—=aE - (w+y+p)l (1)

dt

dR

= o T-uR

dt

dv

— = E+&6&T-0V

dt

Parameters

A | Population influx &1 | Rate of the exposed individuals contributing
1 | Natural death rate the virus to the environment
w | Disease induced death rate &2 | Rate of the infected individuals contributing
1/a | Mean incubation period the virus to the environment
7 | Recovery rate o | Rate of (natural and artificial) removal of the
Br | Transmission rate by infected individual virus from the environment
BE | Transmission rate by exposed individual
By | Transmission rate by the environmental reservoir
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Explicit Euler discretization

Sp+1 = Sp + h(A = Bpspen — Brsnin — By Spvn — lsy)
ent1 = en + h(BEsnen + Brsnin + Bvsnvn — (a+ p)ey)
int1 = tn +h(aey, — (W+vy+ 1)in) (2)
Trtl = T + h(Yip — pry)
Un+1 = Un + (&1 + E20n — 0Vy)
Property preservation of the discrete model:
® (2) Can be interpreted as a discrete dynamical system

Szemenyei Adridn L3szlé May 20, 2022 3/14



Positively invariant region

For the continuous case
A A
Q= {(S,E,I,R,V) eR:S+E+I+R<—,0<V< M} (3)
H Ho
is positively invariant region[1].
The discretized system (2) is positively invariant in S if

h < min{ e , }andh<l.
N"'(ﬁe"‘ﬂi"‘ﬁv)ﬁ Q+ U wEy+ g
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There is a necessary condition
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Figure: Negativity of the Explicit Euler method when h = 2. The lower figure is the

same as the upper one, but the variable V is not shown, and it is also zoomed in.




Equilibrium points

* Discrete system: X,11 = g(Xn)
* x* equlibrium: x* = g(x*)
® The discrete model has the same equilibrium points as the continous

model.
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Disease-free equilibrium (DFE)
® no infections in the populatiﬁn

* &= (507E07IO7R07%) = (_,0,0,0,0)
i

Endemic equilibrium:

. o+ p
BE + - Br+cBy
oA 1
a+p Be+g-Br+cfy
. Aa o
1 = -
wi(a+p)  wi(Bp+5-Br+chy)
SO - S na
pwi(a+p)  wi(Be+ 5B+ cBy)
. _ cp
atp Bgt2fr+cB,
+
wherec=w,w1=7+u+w
ow1l
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Equilibria - continuous case

The continous system exhibits forward bifurcation:

In the case of %, < 1, the boundary equilibrium is globally asymptotically
stable on 2 and the endemic equilibrium is unstable, while in the case
Py > 1 the endemic equilibrium is globally asymptotically stable on €2 and
the disease-free equilibrium is unstable.[1]

Ro = PeSo | BrSoo +( BvSo&r By Soas )
a+p (a+p)(w+y+p) \(a+p)o (a+p)(w+y+p)o
=: RE +R1+RV

Number of secondary infections produced by an initially exposed individual

in a completely susceptible population. (Conditions same as having the
real part of the eigenvalues of the Jacobian be negative)
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Equilibria - discrete case

By Gerschorin disks for the eigenvalues of the Jacobian at the equilibria.
Let A= [aij]szl be a real quadratic matrix (with a;; € (-1,1)), then to
have all of its eigenvalues in the unit disk, we must have a; — R*(A) > -1
and a;; + R*(A) <1 for all of its rows, where R'(A) is the i-th deleted
absolute row sum of A.
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One example

One sufficient condition for the asymptotic stability of the endemic
equilibria:

2 2 2 2
h < min{ —, , ; 7
ig:(Z@Ol)A%ﬁuﬂLfl w+2)\+u+§2+2,6“%% 0+26”;%%}
e
€9+ 2—— <w+p and 26,A < Zyo.
1o Ao Y

If %o < 1 then the discrete system (2) is unstable at the endemic
equilibrium for all h.

and p <

® These conditions are sufficient but not neccesary and guarantees local
and not global stability.
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Sufficient and necessary conditions for &,

The characteristic polynomial of the Jacobian at &j is:

F*(A\) = (1=hp=X)2F(N\) = (1= hp = X)2(A3 + by A? + bo X + b3)

where

by =-3-hsy

by = 3+ 2hs; + hZsy

by = —1—hs1 — h%sy + h3s3
and

S1=—0—a-2u—w-—"v+ 55
so=c(a+p)+o(w+y+p)+ (a+p)(w+y+p)-
= BiSoar = Bu€150 = BeSo(w + 7 + 1) = 7 BeSo
s3 =0 (a+p)(w+y+p) —ofeSo(w+7+p)-
= BuSoada = BiSoao = BySo&1(w + + )
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NS
Sufficient and necessary conditions for &,
Schur-Cohn criterium|[2]:
(i) F(1)>0
(i) ~F(-1)>0

(iii.) |1 = b3] > |bg — bybs]

=] & = E DA
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Future directions

® Implicit Euler scheme

e Saturated incidence rates:

5p(B) = 22 5y (1) = -

I’ Bv(V)=—-

1+cV

=] & = E DA
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