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Introduction

Suppose we have a degradation process that can be described by a
discrete number of states. E.g. D0, . . . ,D4.

Assume that the damage can stay hidden without inspection and it is
unknown if an item is degrading or not.

Suppose all items start from the damage-free state and accumulate
damage over time.

D0 D1 D2 D3 D4

We are interested in establishing a cost-optimal inspection program to
prevent catastrophic failures.
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Model Setup

Consider a continuous-time Markov chain (Xt)t≥0 in a discrete state
space I = {0, . . . , 4} corresponding to states Di and the progress is as
it was indicated on the figure.

Let Yi be the waiting time in state Di and suppose that Yi ∼ exp(λi )
for i = 0, 1, 2, 3.

Assume that inspections have a constant false positive rate α and a
perfect sensitivity.

Denote by τi the age at the i th inspection.

Assume that the inspection is periodic, i.e. the inter-inspection time
is a constant ∆.

Suppose that the cost of repair is an increasing function C : I → R+,
where C (i) is the repair-cost of an item at state i , and cs is the cost
of identifying a false positive item.

Denote by K the total number of inspections, that is given by

K =

[
T − τ1

∆

]
, where T is length of the observation period.
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Costs

The aim is to derive a cost-optimal inspection strategy for such a process.
The expected total cost is divided into four parts:

E (CR(τ1,∆)): expected cost of repair of damaged items detected at
inspection.

E (CFP(τ1,∆)): expected cost associated with identifying false
positives.

E (CI (τ1,∆)): expected cost of inspections.

E (CU): expected cost of undetected deterioration, and can be
calculated after a failure mechanism is incorporated into the model.
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Expected repair cost

In order to calculate E (CR(τ1,∆)), the distribution of Xτj is needed.

The distribution can be determined using the convolution of waiting
times Yi [1] [2] .

Assuming λi 6= λj ∀i , j , the density of the convolution is:

fY0+Y1+···+Yi
(y) =

[
i∏

k=0

λk

]
i∑

j=0

e−λjy

i∏
k 6=j
k=0

(λk − λj)

, y > 0, i ≥ 1.

Using this density, the expected cost of repair of damaged items
detected on inspection is:

E (CR(τ1,∆)) =
K∑
j=1

4∑
i=0

C (i) · P(Xτj = Di ).
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Expected total cost

Suppose that items participate in all inspections, then the expected
cost of inspection is E (CI (τ1,∆)) = K · r , where r is the cost of a
single inspection.

The expected cost related to false positive is

E (CFP(τ1,∆)) = cs · α ·
K∑
j=1

e−λ0(τj−τj−1).

Therefore, the expected total cost to be minimized is given by:

E (TC (τ1,∆)) = E (CR(τ1,∆)) + E (CFP(τ1,∆)) + E (CI (τ1,∆))

+ E (CU).
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Aims

We are currently working on implementing the model in the statistical
software R.

The expected total cost will be minimized using nonlinear
minimization ( nlm [3] [4] ) in order to find optimal τ1 and ∆.

The next goal is to release the perfect sensitivity assumption.

This will make the model applicable in many scenarios, e.g. disease
progressions (cancer), insurance claims, ...
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THANK YOU FOR LISTENING
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