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Aim of the project -
● To get familiar with the different aspects and techniques of
epidemiological modeling.

● compartmental deterministic models

● Use these methods to compare the ”basic” SEIR and ”SEIRV”
models.

● How an additional compartment - a new transmission rate - changes
the basics of the model.

For the latter my main sources were:
Martcheva, Maia. An introduction to mathematical epidemiology. Vol. 61. New York: Springer, 2015.

Capasso, Vincenzo. Mathematical structures of epidemic systems. Vol. 88. Berlin: Springer, 1993.
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2020, Yang and Wang proposed the following compartmental model[1]:

dS

dt
= Λ − βESE − βISI − βV SV − µS

dE

dt
= βESE + βISI + βV SV − (α + µ)E

dI

dt
= αE − (w + γ + µ)I

dR

dt
= γI − µR

dV

dt
= ξ1E + ξ2I − σV

(1)

Parameters

Λ Population influx
µ Natural death rate
w Disease induced death rate
1/α Mean incubation period
γ Recovery rate
βI Transmission rate by infected individual
βE Transmission rate by exposed individual
βV Transmission rate by the environmental reservoir

ξ1 Rate of the exposed individuals contributing
the virus to the environment

ξ2 Rate of the infected individuals contributing
the virus to the environment

σ Rate of (natural and artificial) removal of the
virus from the environment

● Reasons for the new compartment
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Disease-free equilibrium (DFE)
● no infections in the population (derivatives and disease compartments
zero)
● E0 = (S0,E0, I0,R0, V0) = (

Λ

µ
,0,0,0,0)

Endemic equilibrium (for the ususal SEIR βV = 0
Ê = λ

α + µ −
µ

βE + α
w1

βI + cβV

Î = Λα

w1(α + µ)
− αµ

w1(βE + α
w1

βI + cβV )

R̂ = γαΛ

µw1(α + µ)
− γα

w1(βE + α
w1

βI + cβV )

V̂ = c

α + µ −
cµ

βE + α
w1

βI + cβv
Ŝ = µ

βE + α
w1

βI + cβV

where c = w1ξ1 + ξ2α
σw1

.
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The basic reproduction number - R0 - I.

● Important measure of potential disease spread

● Number of secondary infections produced by an infected individual in
a completely susceptible population

● can be computed by the next generation approach[2]

●
x′i = Fi(x, y) − Vi(x, y) i = 1,2,3
y′j = gj(x, y) j = 1,2

(2)

where (x1, x2, x3) = (E, I, V ), (y1, y2) = (S,R)
●

F =
⎛
⎜
⎝

βESE + βISI + βV SV
0
0

⎞
⎟
⎠

, V =
⎛
⎜
⎝

(α + µ)E
−αE + (w + γ + µ)I
−ξ1E − ξ2I + σV

⎞
⎟
⎠
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The basic reproduction number - R0 - II.

● Linearizing the system at the DFE

(0, y0) = (E0, I0, V0, S0,R0) = (0,0,0,
Λ

µ
,0)

● Jacobi matrices F = JF(X0) and V = JV(X0)
● for every pair (i, j):

∂Fi(0, y0)
∂yj

= ∂Vi(0, y0)
∂yj

= 0.

● Disease compartments x decouples from y variables Ð→

x′ = (F − V )x (3)

● for F = 0(no secondary infections): x′ = −V x0, x(0) = x0
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The basic reproduction number - R0 - III.

Expected number of secondary infections produced by the index case:

F

∞

∫
0

e−V tx0 dt = FV −1x0 (4)

● The next generation matrix is defined as:

● K=FV−1 =
⎛
⎜⎜⎜
⎝

βES0

α + µ +
βIS0α

(α + µ)(w + γ + µ) +
βV S0(αξ2 + (w + γ + µ)ξ1)
(α + µ)(w + γ + µ)σ

βIS0

w + γ + µ +
βV S0ξ2

(w + γ + µ)σ
βV S0

σ
0 0 0
0 0 0

⎞
⎟⎟⎟
⎠

● ρ(K) =R0 =
βES0

α + µ +
βIS0α

(α + µ)(w + γ + µ) + (
βV S0ξ1
(α + µ)σ +

βV S0αξ2
(α + µ)(w + γ + µ)σ)

=∶R1 +R2 +R3

● nicely interpretable as the number of secondary infections from an
initially exposed individual

● Usual SEIR model: βV = 0
● both systems exhibit forward bifurcation
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Positive invariance

● We would except that the solutions are biologically reliable

● One aspect of this: Ω = R5
+
is positively invariant

●

if S(t̄) = 0, then dS(t̄)
dt

= Λ ≥ 0

if E(t̄) = 0, then dE(t̄)
dt

= βIS(t̄)I(t̄) + βV S(t̄)V (t̄) ≥ 0

if I(t̄) = 0, then dI(t̄)
dt
= αE(t̄) ≥ 0

if R(t̄) = 0, then dR(t̄)
dt

= γI(t̄) ≥ 0

if V (t̄) = 0, then dV (t̄)
dt

= ξ1E(t̄) + ξ2I(t̄) ≥ 0
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Discussion, future directions

● Check other models with the additional dynamics of the
environmental reservoir (e.g. Lagrangian and Eulerian movement
models).

● further study the parameters βV , ξ1, ξ2, σ from the aspect of control.

● numerical modeling aspect of these models (i.e. which properties of
the model are inherited after discretization)

● for example positive invariance, stability

Szemenyei Adrián László December 17, 2021 9 / 10
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Szemenyei Adrián László December 17, 2021 10 / 10


